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½ÂµN� ‖ · ‖ : Rn → R+ ∪ {0}X÷vµ

�K5 ‖X‖ ≥ 0,� ‖X‖ = 0⇔ X = 0

àg5 ∀a ∈ R, ‖aX‖ = |a| · ‖X‖

n�Ø�ª ‖X + Y‖ ≤ ‖X‖+ ‖Y‖

K¡TN���þ��ê.

� X = (x1, x2, · · · , xn). A«~���êkµ

1 ‖X‖1 =
n∑

i=1
|xi |−→ 1-�ê

2 ‖X‖2 =

√
n∑

i=1
xi

2 −→ 2-�ê

3 ‖X‖∞ = max{|xi |} −→∞-�ê

d�ê�±½ÂRn¥: X ,Y �ål�‖X − Y‖.
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Rn�m¥�?ü«�ê‖·‖p , ‖·‖q´�d�(P�‖·‖p ∼ ‖·‖q)§
=�3~êc,C > 0÷v

c ‖x‖p ≤ ‖x‖q ≤ C ‖x‖p , ∀x ∈ Rn.

~Xµ
‖x‖2 ≤ ‖x‖1 ≤

√
n ‖x‖2

‖x‖∞ ≤ ‖x‖2 ≤
√

n ‖x‖∞
‖x‖∞ ≤ ‖x‖1 ≤

√
n ‖x‖∞



Rn¥¥¥������êêê���ddd555

Rn�m¥�?ü«�ê‖·‖p , ‖·‖q´�d�(P�‖·‖p ∼ ‖·‖q)§
=�3~êc,C > 0÷v

c ‖x‖p ≤ ‖x‖q ≤ C ‖x‖p , ∀x ∈ Rn.

~Xµ
‖x‖2 ≤ ‖x‖1 ≤

√
n ‖x‖2

‖x‖∞ ≤ ‖x‖2 ≤
√

n ‖x‖∞
‖x‖∞ ≤ ‖x‖1 ≤

√
n ‖x‖∞



[ÜIO–“ål”�小/近

P

P1

2

P3

P4



[ÜIO–“ål”�近

计算群主
Ink



[ÜIO–“ål”�近

计算群主
Ink



[ÜIO–“ål”��

计算群主
Ink

计算群主
Ink

计算群主
样本

计算群主
Ink



[ÜIO–“ål”��

阿进
Highlight


计算群主
Highlight

计算群主
Highlight

计算群主
Highlight

计算群主
Highlight

计算群主
Ink



[ÜIO

计算群主
Ink

计算群主
Ink

计算群主
Ink

计算群主
Ink

计算群主
Ink

计算群主
Ink

计算群主
Ink



���������¦¦¦¯̄̄KKK

¯Kµf (x)�½Â3«m[a, b]þ�¼ê§{xi}m
i=1 �«mþm�pØ�Ó�

:§Φ��½�,�¼êa"¦Φþ�¼êφ(x)÷v

min

∥∥∥∥(f (x1), f (x2), · · · , f (xm)

)
−
(
φ(x1), φ(x2), · · · , φ(xm)

)∥∥∥∥
=ål����.

3��ê¿Âe¦�þãål����§�E[Ü­��¯K¡����¦¯

K;�E��{¡����¦{.
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�¼êa�õ�ª¼ê�m Pn§d����¦¯
K�µé�½� {(xi , yi)}m

i=1§
¦ φ(x) ∈ Pn (m ≥ n + 1)¦�þ�Ø�

R =
m∑

i=1

(
φ(xi)− yi

)2

����. d�φ¡�õ�ª[Ü¼ê.

� φ(x) =
n∑

j=0
ajx j§K R =

∑m
i=1

(
φ(xi)− yi

)2
�

Xê {aj}n
j=0 �õ�¼ê (�È©�Ý).
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dõ�¼ê�4�^�§�µ

∂R
∂aj

= 2x j
i

m∑
i=1

(
φ(xi)− yi

)
= 0=⇒ x j

i

m∑
i=1

φ(xi) =
m∑

i=1

x j
i yi , i.e.



a0m + a1

m∑
i=1

xi + · · ·+ an

m∑
i=1

xn
i =

m∑
i=1

yi , j = 0;

a0

m∑
i=1

xi + a1

m∑
i=1

x2
i + · · ·+ an

m∑
i=1

xn+1
i =

m∑
i=1

xiyi , j = 1;

...
...

a0

m∑
i=1

xn
i + a1

m∑
i=1

xn+1
i + · · ·+ an

m∑
i=1

x2n
i =

m∑
i=1

xn
i yi , j = n.

�¤Ý
/ª:
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m
m∑

i=1
xi

m∑
i=1

x2
i · · ·

m∑
i=1

xn
i

m∑
i=1

xi

m∑
i=1

x2
i

m∑
i=1

x3
i · · ·

m∑
i=1

xn+1
i

m∑
i=1

x2
i

m∑
i=1

x3
i

m∑
i=1

x4
i · · ·

m∑
i=1

xn+2
i

...
...

...
...

...
m∑

i=1
xn

i

m∑
i=1

xn+1
i

m∑
i=1

xn+2
i · · ·

m∑
i=1

x2n
i





a0

a1

a2

...
an


=



m∑
i=1

yi

m∑
i=1

xiyi

m∑
i=1

x2
i yi

...
m∑

i=1
xn

i yi



¡��õ�ª[Ü¼ê φ(x) =
n∑

j=0
ajx j �{�§.

¦õ�ª[Ü¼ê���Ú½µ

1. xÑ¤�êâ:�oÑã/§(½[Ügê n;

2. �LO�
m∑

i=1
xk

i (0 ≤ k ≤ 2n),
m∑

i=1
xk

i yi (0 ≤ k ≤ n),�Ñ{�§.

3. ){�§§¦Ñ ai§���Ñ[Ü¼ê φ(x).
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�5�§|Ax = b(A ∈ Rm×n), �rank(A)6= rank(A, b)�Ã)§¡
�gñ�§|. Ï~§��§�êõu��ê�ê�§�gñ�§
|.

¯Kµ¦)ù��x ∈ Rn§¦� ‖Ax − b‖2��.

½nµ

1. �m > n§A ∈ Rm×n, b ∈ Rm×1§rank(A)=n. AT Ax = AT b¡�
gñ�§|Ax = b�{�§§{�§ðk��).

2. x�min ‖Ax − b‖2�)⇐⇒ AT Ax = AT b§=x�{�§�).
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1. {{{���§§§AT Ax = AT bðððkkk������))).

Pfµdrank(A)=n=⇒∃Pm×m�_,

s.t . PA =

(
Ān
O

)
&|Ān| 6= 0.

=⇒PA(PA)T = PAAT PT =

(
ĀnĀT

n O
O O

)
.

dĀn�_§�

rank(ĀnĀT
n )=n=rank(AAT )=rank(AT A)

=AT A�_. =⇒AT Ax = AT bk��).
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dĀn�_§�

rank(ĀnĀT
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2. x�min ‖Ax − b‖2�)⇐⇒ x�{�§AT Ax = AT b�).

Pf: “⇐="µx÷v{�§AT Ax = AT b. ∀y ∈ Rn×1§�e = y − x . K

‖Ay − b‖2
2 = (Ay − b)T · (Ay − b) = (Ax + Ae − b)T · (Ax + Ae − b)

= (Ax − b)T · (Ax − b) + (Ax − b)T Ae + (Ae)T (Ax − b) + (Ae)T · (Ae)

= ‖Ax − b‖2
2 + ‖Ae‖2

2 + xT AT Ae − bT Ae + eT AT Ax − eT AT b

= ‖Ax − b‖2
2 + ‖Ae‖2

2 + 0

≥ ‖Ax − b‖2
2

⇐⇒ ‖Ax − b‖2 ≤ ‖Ay − b‖2 , ∀y

=x�min ‖Ax − b‖2�).

“=⇒"µ�x = (x1, x2, · · · , xn)§d4��^�
∂(‖Ax−b‖2

2)

∂xi
= 0=⇒

AT Ax = AT b.
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2 + 0

≥ ‖Ax − b‖2
2

⇐⇒ ‖Ax − b‖2 ≤ ‖Ay − b‖2 , ∀y

=x�min ‖Ax − b‖2�).

“=⇒"µ�x = (x1, x2, · · · , xn)§d4��^�
∂(‖Ax−b‖2

2)

∂xi
= 0=⇒

AT Ax = AT b.

‖Ay − b‖2
2 = (Ay − b)T (Ay − b) = (Ax + Ae − b)T (Ax + Ae − b)

= (Ax − b)T (Ax − b) + (Ax − b)T Ae + (Ae)T (Ax − b) + (Ae)T (Ae)

计算群主
Ink

计算群主
Ink



2. x�min ‖Ax − b‖2�)⇐⇒ x�{�§AT Ax = AT b�).

Pf: “⇐="µx÷v{�§AT Ax = AT b. ∀y ∈ Rn×1§�e = y − x . K

‖Ay − b‖2
2 = (Ay − b)T · (Ay − b) = (Ax + Ae − b)T · (Ax + Ae − b)

= (Ax − b)T · (Ax − b) + (Ax − b)T Ae + (Ae)T (Ax − b) + (Ae)T · (Ae)

= ‖Ax − b‖2
2 + ‖Ae‖2

2 + xT AT Ae − bT Ae + eT AT Ax − eT AT b

= ‖Ax − b‖2
2 + ‖Ae‖2

2 + 0

≥ ‖Ax − b‖2
2

⇐⇒ ‖Ax − b‖2 ≤ ‖Ay − b‖2 , ∀y

=x�min ‖Ax − b‖2�).

“=⇒"µ�x = (x1, x2, · · · , xn)§d4��^�
∂(‖Ax−b‖2

2)

∂xi
= 0=⇒

AT Ax = AT b.



3õ�ª[Ü¯K¥,��[Ü¼ê

� φ(x) =
n∑

i=0
aix i ,é�½��|êâ {(xi , yi)}m

i=1,

=�é�|Xê{ai}n
i=0¦� ‖Aa− y‖2 ��;

Ù¥

A =


1 x1 · · · xn

1

1 x2 · · · xn
2... ... . . . ...

1 xm · · · xn
m


{

a = (a0, a1, · · · , an)T

y =
(
y1, y2, · · · , ym

) (m > n + 1)



3õ�ª[Ü¯K¥,��[Ü¼ê

� φ(x) =
n∑

i=0
aix i ,é�½��|êâ {(xi , yi)}m

i=1,

=�é�|Xê{ai}n
i=0¦� ‖Aa− y‖2 ��;Ù¥

A =


1 x1 · · · xn

1

1 x2 · · · xn
2... ... . . . ...

1 xm · · · xn
m


{

a = (a0, a1, · · · , an)T

y =
(
y1, y2, · · · , ym

) (m > n + 1)

计算群主
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dc¡½n§=´�¦�§| AT Aa = AT y (i.e.,{�§)�)

m
m∑

i=1
xi · · ·

m∑
i=1

xn
i

m∑
i=1

xi

m∑
i=1

x2
i · · ·

m∑
i=1

xn+1
i

...
...

...
...

m∑
i=1

xn
i

m∑
i=1

xn+1
i · · ·

m∑
i=1

x2n
i




a0

a1
...

an

 =



m∑
i=1

yi

m∑
i=1

xiyi

...
m∑

i=1
xn

i yi


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Remark

1 ¦���¦¯K�õ�ª[Ü§�ù�n)µkb½[Ü£õ�ª¤¼

êφ(x)ÏL¤k�êâ:{(xi , yi )}§=��'u¼êφ(x)�õ�ªXê

�gñ�§|. 2)gñ�§|£ü>�¦XêÝ
�=�2)�5�§
|¤=�φ¶ù���d{�§¦)�(J´���.

2 {�§|��´¾��§�ê�p§{xi}��þ?��½ l�:�
�§¾��î­. Ï~�^p°Ý5¦).

3 e�½�¼ê�mΦØ´ Pn§� Φ=Span{φ0, · · · , φn}´,�k���
5�m(�U´ Pn�,�5f�m)§±þL§E,¤á; e.g.,
Φ=Span{1, x3}.

4 e�½�¼ê�mΦØ´�5�m§Ï~æ^k�C���§òÙ=z

�õ�ª[Ü�¯K¶d�(J�®Ø´���¦¿Âe��§��k

�*�[Ü¿Â.
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Ink

计算群主
Ink
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~ 1µé±eêâ�/Xa + bx3�­�[Ü.

xi -3 -2 -1 2 4

yi 14.3 8.3 4.7 8.3 22.7

)µ�φ(x) = a + bx3ÏL¤k�½�êâ:§K�gñ�§|

a + b(−3)3 = 14.3
a + b(−2)3 = 8.3
a + b(−1)3 = 4.7
a + b × 23 = 8.3
a + b × 43 = 22.7

§=


1 (−3)3

1 (−2)3

1 (−1)3

1 23

1 43


(

a
b

)
=


14.3
8.3
4.7
8.3
22.7

.

Ù{�§�(
1 1 1 1 1

(−3)3 (−2)3 (−1)3 23 43

)
1 (−3)3

1 (−2)3

...
...

1 43


(

a
b

)
=

(
58.3
1062

)

⇒ a = 10.6751, b = 0.1368. =⇒ [Ü¼ê�φ(x) = 10.6751 + 0.1368x3.
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~ 1µé±eêâ�/Xa + bx3�­�[Ü.

xi -3 -2 -1 2 4

yi 14.3 8.3 4.7 8.3 22.7

)µ�φ(x) = a + bx3ÏL¤k�½�êâ:§K�gñ�§|

a + b(−3)3 = 14.3
a + b(−2)3 = 8.3
a + b(−1)3 = 4.7
a + b × 23 = 8.3
a + b × 43 = 22.7

§=


1 (−3)3

1 (−2)3

1 (−1)3

1 23

1 43


(

a
b

)
=


14.3
8.3
4.7
8.3
22.7

.

Ù{�§�(
1 1 1 1 1

(−3)3 (−2)3 (−1)3 23 43

)
1 (−3)3

1 (−2)3

...
...

1 43


(

a
b

)
=

(
58.3
1062

)

⇒ a = 10.6751, b = 0.1368. =⇒ [Ü¼ê�φ(x) = 10.6751 + 0.1368x3.
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~ 1µé±eêâ�/Xa + bx3�­�[Ü.

xi -3 -2 -1 2 4

yi 14.3 8.3 4.7 8.3 22.7

)µ�φ(x) = a + bx3ÏL¤k�½�êâ:§K�gñ�§|

a + b(−3)3 = 14.3
a + b(−2)3 = 8.3
a + b(−1)3 = 4.7
a + b × 23 = 8.3
a + b × 43 = 22.7

§=


1 (−3)3

1 (−2)3

1 (−1)3

1 23

1 43


(

a
b

)
=


14.3
8.3
4.7
8.3
22.7

.

Ù{�§�(
1 1 1 1 1

(−3)3 (−2)3 (−1)3 23 43

)
1 (−3)3

1 (−2)3

...
...

1 43


(

a
b

)
=

(
58.3
1062

)

⇒ a = 10.6751, b = 0.1368. =⇒ [Ü¼ê�φ(x) = 10.6751 + 0.1368x3.



~ 1µé±eêâ�/Xa + bx3�­�[Ü.

xi -3 -2 -1 2 4

yi 14.3 8.3 4.7 8.3 22.7

)µ�φ(x) = a + bx3ÏL¤k�½�êâ:§K�gñ�§|

a + b(−3)3 = 14.3
a + b(−2)3 = 8.3
a + b(−1)3 = 4.7
a + b × 23 = 8.3
a + b × 43 = 22.7

§=


1 (−3)3

1 (−2)3

1 (−1)3

1 23

1 43


(

a
b

)
=


14.3
8.3
4.7
8.3
22.7

.

Ù{�§�(
1 1 1 1 1

(−3)3 (−2)3 (−1)3 23 43

)
1 (−3)3

1 (−2)3

...
...

1 43


(

a
b

)
=

(
58.3
1062

)

⇒ a = 10.6751, b = 0.1368.

=⇒ [Ü¼ê�φ(x) = 10.6751 + 0.1368x3.



~ 1µé±eêâ�/Xa + bx3�­�[Ü.

xi -3 -2 -1 2 4

yi 14.3 8.3 4.7 8.3 22.7

)µ�φ(x) = a + bx3ÏL¤k�½�êâ:§K�gñ�§|

a + b(−3)3 = 14.3
a + b(−2)3 = 8.3
a + b(−1)3 = 4.7
a + b × 23 = 8.3
a + b × 43 = 22.7

§=


1 (−3)3

1 (−2)3

1 (−1)3

1 23

1 43


(

a
b

)
=


14.3
8.3
4.7
8.3
22.7

.

Ù{�§�(
1 1 1 1 1

(−3)3 (−2)3 (−1)3 23 43

)
1 (−3)3

1 (−2)3

...
...

1 43


(

a
b

)
=

(
58.3
1062

)

⇒ a = 10.6751, b = 0.1368. =⇒ [Ü¼ê�φ(x) = 10.6751 + 0.1368x3.



~ 2µé±eêâ�/Xa + bx2�­�[Ü.

xi -3 -2 -1 2 4

yi 14.3 8.3 4.7 8.3 22.7

)µ�φ(x) = a + bx2ÏL¤k�½�êâ:§K�gñ�§|

a + b(−3)2 = 14.3
a + b(−2)2 = 8.3
a + b(−1)2 = 4.7
a + b × 22 = 8.3
a + b × 42 = 22.7

§=


1 (−3)2

1 (−2)2

1 (−1)2

1 22

1 42


(

a
b

)
=


14.3
8.3
4.7
8.3
22.7

.

Ù{�§�(
1 1 1 1 1

(−3)2 (−2)2 (−1)2 22 42

)
1 (−3)2

1 (−2)2

...
...

1 42


(

a
b

)
=

(
58.3
563

)

⇒ a = 3.5, b = 1.2. �[Ü¼êφ(x) = 3.5 + 1.2x2.
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~ 2µé±eêâ�/Xa + bx2�­�[Ü.

xi -3 -2 -1 2 4

yi 14.3 8.3 4.7 8.3 22.7

)µ�φ(x) = a + bx2ÏL¤k�½�êâ:§K�gñ�§|

a + b(−3)2 = 14.3
a + b(−2)2 = 8.3
a + b(−1)2 = 4.7
a + b × 22 = 8.3
a + b × 42 = 22.7

§=


1 (−3)2

1 (−2)2

1 (−1)2

1 22

1 42


(

a
b

)
=


14.3
8.3
4.7
8.3
22.7

.

Ù{�§�(
1 1 1 1 1

(−3)2 (−2)2 (−1)2 22 42

)
1 (−3)2

1 (−2)2

...
...

1 42


(

a
b

)
=

(
58.3
563

)

⇒ a = 3.5, b = 1.2. �[Ü¼êφ(x) = 3.5 + 1.2x2.



~ 2µé±eêâ�/Xa + bx2�­�[Ü.

xi -3 -2 -1 2 4

yi 14.3 8.3 4.7 8.3 22.7

)µ�φ(x) = a + bx2ÏL¤k�½�êâ:§K�gñ�§|

a + b(−3)2 = 14.3
a + b(−2)2 = 8.3
a + b(−1)2 = 4.7
a + b × 22 = 8.3
a + b × 42 = 22.7

§=


1 (−3)2

1 (−2)2

1 (−1)2

1 22

1 42


(

a
b

)
=


14.3
8.3
4.7
8.3
22.7

.

Ù{�§�(
1 1 1 1 1

(−3)2 (−2)2 (−1)2 22 42

)
1 (−3)2

1 (−2)2

...
...

1 42


(

a
b

)
=

(
58.3
563

)

⇒ a = 3.5, b = 1.2. �[Ü¼êφ(x) = 3.5 + 1.2x2.



~ 2µé±eêâ�/Xa + bx2�­�[Ü.

xi -3 -2 -1 2 4

yi 14.3 8.3 4.7 8.3 22.7

)µ�φ(x) = a + bx2ÏL¤k�½�êâ:§K�gñ�§|

a + b(−3)2 = 14.3
a + b(−2)2 = 8.3
a + b(−1)2 = 4.7
a + b × 22 = 8.3
a + b × 42 = 22.7

§=


1 (−3)2

1 (−2)2

1 (−1)2

1 22

1 42


(

a
b

)
=


14.3
8.3
4.7
8.3
22.7

.

Ù{�§�(
1 1 1 1 1

(−3)2 (−2)2 (−1)2 22 42

)
1 (−3)2

1 (−2)2

...
...

1 42


(

a
b

)
=

(
58.3
563

)

⇒ a = 3.5, b = 1.2. �[Ü¼êφ(x) = 3.5 + 1.2x2.
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~ 2’µ©Oé±eêâ�/Xa + bx2±9a + bx3�­�[Ü.

xi -3 -2 -1 2 4

yi -14.3 -8.3 4.7 8.3 22.7

¦)L§�~1-2��aq¶[Ü(JXeµ
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~ 2’µ©Oé±eêâ�/Xa + bx2±9a + bx3�­�[Ü.

xi -3 -2 -1 2 4

yi -14.3 -8.3 4.7 8.3 22.7

¦)L§�~1-2��aq¶

[Ü(JXeµ



~ 2’µ©Oé±eêâ�/Xa + bx2±9a + bx3�­�[Ü.

xi -3 -2 -1 2 4

yi -14.3 -8.3 4.7 8.3 22.7

¦)L§�~1-2��aq¶[Ü(JXeµ
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~ 3µé±eêâ�/Xaebx�­�[Ü.

xi 1 2 3 4 5 6 7 8

yi 15.3 20.5 27.4 36.6 49.1 65.6 87.8 117.6

)µy = aebx ⇐⇒ lny = lna + bx . -zi = lnyi§��lÑêâ{(xi , zi )}8
i=1µ

xi 1 2 3 4 5 6 7 8

zi 2.7279 3.0204 3.3105 3.6000 3.8939 4.1836 4.4751 4.7673

éê|{(xi , zi )}8
i=1?1�5[Üz = A + Bx§��{�§�µ(

8 36
36 204

)(
A
B

)
=

(
29.9787

147.1350

)

=⇒ A ≈ 2.4369, B ≈ 0.29122. u´ a = eA ≈ 11.4371, b = B ≈ 0.29122.
¤¦[Ü­��

y = 11.4371× e0.29122x
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~ 3µé±eêâ�/Xaebx�­�[Ü.

xi 1 2 3 4 5 6 7 8

yi 15.3 20.5 27.4 36.6 49.1 65.6 87.8 117.6

)µy = aebx ⇐⇒ lny = lna + bx . -zi = lnyi§��lÑêâ{(xi , zi )}8
i=1µ

xi 1 2 3 4 5 6 7 8

zi 2.7279 3.0204 3.3105 3.6000 3.8939 4.1836 4.4751 4.7673

éê|{(xi , zi )}8
i=1?1�5[Üz = A + Bx§��{�§�µ(

8 36
36 204

)(
A
B

)
=

(
29.9787

147.1350

)

=⇒ A ≈ 2.4369, B ≈ 0.29122. u´ a = eA ≈ 11.4371, b = B ≈ 0.29122.
¤¦[Ü­��

y = 11.4371× e0.29122x
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~ 3µé±eêâ�/Xaebx�­�[Ü.
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多元线性回归¯̄̄KKK



多元线性回归¯̄̄KKK(见9章)












