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~Xµ {
sin(π2 x) = y

y = 1
2

kÃ¡õ|)¶

{
y = x2 + a
x = y2 + a

⇒


a = 1 Ã)

a = 1
4 ��)

a = 0 ü�)
a = −1 o�)

ex − 1 = cos(πx) ⇒°()º���§��Ã°()L�ª!

Ï~^S�{¦)��5�§£|¤



已知





������555���§§§¦¦¦)))
��5�Æ´�8�ÆuÐ���é­��ïÄ��§
��5�§¦�(¦
))�¤
ÙØ�½"�­�SN.��5�§�'§��5�§¦)¯KÃØ
´lnØþ�´O�þÑ�E,�õ.
~Xµ {

sin(π2 x) = y
y = 1

2

kÃ¡õ|)¶

{
y = x2 + a
x = y2 + a

⇒


a = 1 Ã)

a = 1
4 ��)

a = 0 ü�)
a = −1 o�)

ex − 1 = cos(πx) ⇒°()º���§��Ã°()L�ª!

Ï~^S�{¦)��5�§£|¤



������555���§§§¦¦¦)))
��5�Æ´�8�ÆuÐ���é­��ïÄ��§
��5�§¦�(¦
))�¤
ÙØ�½"�­�SN.��5�§�'§��5�§¦)¯KÃØ
´lnØþ�´O�þÑ�E,�õ.
~Xµ {

sin(π2 x) = y
y = 1

2

kÃ¡õ|)¶

{
y = x2 + a
x = y2 + a

⇒


a = 1 Ã)

a = 1
4 ��)

a = 0 ü�)
a = −1 o�)

ex − 1 = cos(πx) ⇒°()º

���§��Ã°()L�ª!

Ï~^S�{¦)��5�§£|¤



������555���§§§¦¦¦)))
��5�Æ´�8�ÆuÐ���é­��ïÄ��§
��5�§¦�(¦
))�¤
ÙØ�½"�­�SN.��5�§�'§��5�§¦)¯KÃØ
´lnØþ�´O�þÑ�E,�õ.
~Xµ {

sin(π2 x) = y
y = 1

2

kÃ¡õ|)¶

{
y = x2 + a
x = y2 + a

⇒


a = 1 Ã)

a = 1
4 ��)

a = 0 ü�)
a = −1 o�)

ex − 1 = cos(πx) ⇒°()º���§��Ã°()L�ª!

Ï~^S�{¦)��5�§£|¤



������555���§§§¦¦¦)))
��5�Æ´�8�ÆuÐ���é­��ïÄ��§
��5�§¦�(¦
))�¤
ÙØ�½"�­�SN.��5�§�'§��5�§¦)¯KÃØ
´lnØþ�´O�þÑ�E,�õ.
~Xµ {

sin(π2 x) = y
y = 1

2

kÃ¡õ|)¶

{
y = x2 + a
x = y2 + a

⇒


a = 1 Ã)

a = 1
4 ��)

a = 0 ü�)
a = −1 o�)

ex − 1 = cos(πx) ⇒°()º���§��Ã°()L�ª!

Ï~^S�{¦)��5�§£|¤



�nµ|^ëY¼ê�0�½n[
f (a) · f (b) < 0 =⇒ ∃x̄ ∈ (a, b), s.t ., f (x̄) = 0

]
zgò��|¢�� ���.

|xk+1 − xk | < ε1 or |f (xk+1)| < ε2
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Ñ\µüC�¼êf (x)Ú«m[a, b]£÷vf (a)f (b) < 0)§°Ýε.
ÑÑµf3[a,b]þ���Cq�x∗(e�3).
While |a− b| > ε

x∗ := (a + b)/2¶
O�f (x∗)¶
e |f (x∗)| < ε§x∗�)§(å¶
ef (x∗) · f (b) < 0§ [a, b] := [x∗, b]¶

ef (a) · f (x∗) < 0§ [a, b] := [a, x∗]¶
End while

`:µ�{{ü§��¦fëY.

":µ¦^^�����§Âñ�Ý�ú§��U¦���§°Ýk�.
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Ä�Ú½£nÚ¤µ

1 �EÑ��§��d/ª f (x) = 0⇔ x = φ(x) (ØÄ:).

2 �Ü·�Ð� x0§�ES�S� xk+1 = φ(xk ).

3 e4�x∗ = lim
k→+∞

xk�3§Kx∗��§�)£eφëY§Kx∗7�φ�

ØÄ:§��oº¤.

e4�x∗ = lim
k→+∞

xk Ø�3§KS��}¶d�§��Ä�Ù§�Ð� x0½

æ^Ù§�S��ª£=�E#��d/ª½#� φ¼ê¤.
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�ê�§ x3 − 2x − 5 = 0�n«�d�§ÚS��ªµ

1) x = 3
√

2x + 5 = φ(x)§S��ª xk+1 = 3
√

2xk + 5 =φ(xk )

2) x = x3−5
2 = φ(x)§S��ª xk+1 =

x3
k−5
2 =φ(xk )

3) x = 2x+5
x2 = φ(x)§S��ª xk+1 = 2xk+5

x2
k

=φ(xk )

ü�­�¯Kµ

1 éu��5�§f (x) = 0§T�EÛ«S��ª xk+1 = φ(xk )§¦�S�

S�Âñº

2 S�S��Âñ´Ä�Ð�x0k'º
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½nµφ(x) ∈ C1[a, b]÷vµ

1. a 6 φ(x) 6 b, x ∈ [a, b];

2. ∃ 0 < L < 1, s.t é ∀x ∈ [a, b]k |φ′(x)| 6 L£φ¡�Ø N�¤.

Kkµ

1 �3��� x∗ ¦� x∗ = φ(x∗) (x∗ ¡�φ�ØÄ:).

2 ∀x0 ∈ [a, b]§S�S�{xk}Âñ§�kØ��Oµ

|x∗ − xk | 6
Lk

1− L
|x1 − x0|
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Proof

1). -ψ(x) = x − φ(x)§Kψ(a) ≤ 0, ψ(b) ≥ 0. d0�½n�

∃x∗, s.t ψ(x∗) = 0,=⇒ x∗ = φ(x∗)

qex∗∗ = φ(x∗∗)§Kµ

|x∗ − x∗∗| = |φ(x∗)− φ(x∗∗)| =
∣∣φ′(ξ)(x∗ − x∗∗)

∣∣ 6 L |x∗ − x∗∗|

dL < 1�x∗ = x∗∗. �φ(x)�ØÄ:�3���.

2). ∀x0 ∈ [a, b]§kxk+1 − x∗ = φ(xk )− φ(x∗) = φ′(ξ)(xk − x∗). �

|xk+1 − x∗| 6 L |xk − x∗| 6 · · · 6 Lk+1 |x0 − x∗|

¤±§é?¿[a, b]¥�Ð�x0§S�S�{xk}ÑÂñ�x∗.
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|xk+1 − xk | = |φ(xk )− φ(xk−1)| 6 L |xk − xk−1| 6 · · · 6 Lk |x1 − x0|. �

|xk+p − xk | 6 |xk+p − xk+p−1|+ · · ·+ |xk+1 − xk |

6
(

Lk+p−1 + · · ·+ Lk
)
|x1 − x0|

=
Lk (1− Lp)

1− L
|x1 − x0|

d p �?¿5§-p → +∞=�

|x∗ − xk | 6
Lk

1− L
|x1 − x0|
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SSS���{{{ããã«««–SSS������ªªª xk+1 = ϕ(xk)



NewtonSSS���£££���ªªª¤¤¤
é?¿���5�§f (x) = 0§Ù NewtonS��
ª�

xk+1 = xk −
f (xk)

f ′(xk)

1 How to get such Newton’s iteration formula?
2 Does it work or not? Under what condition?
3 Is it fast (i.e., convergent rate)?
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Key idea of Newton’s Method

b�·���f (x)3,�: x0£���Ð�¤NCk��� r§òf (x)3 x0?

�TaylorÐmµ

f (x) = f (x0) + f ′(x0)(x − x0) +
f ′′(x0)

2!
(x − x0)2 + · · ·

�Ù�5Ü© L0(x) = f (x0) + f ′(x0)(x − x0)555CCCqqq���¼¼¼êêê f (x),Ó�
^L0(x)�� x1 = x0 − f (x0)

f ′(x0)
5Cq f (x)�� r . 2òf (x)3x1?TaylorÐ

m§�Ù�5Ü© L1(x) = f (x1) + f ′(x1)(x − x1)5Cq f (x)§^L1(x)�

� x2 = x1 − f (x1)
f ′(x1)

Cqf (x)��......
KEY idea: òòò������555���§§§���EEE���555zzz,222^̂̂���555���§§§���)))555%%%CCC������555���§§§
���))).

5µ�xk�5��Cý)£�¤�§�5¼êLk (x)Cqf��J¬�Ð§�Ñ
�Cq)��°(.
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Example
Example (1)

Find an efficient method for computing square roots using Newton’s method.

Consider the equation x2 − R = 0 where R > 0. Let f (x) = x2 − R, with the
Newton’s iteration formula, we have

xn+1 =
1
2

(xn +
R
xn

)

One can use it to compute
√

17 with initial guess x0 = 4 as follows

x1 = 4.125, x2 = 4.123106

x3 = 4.1231056256177

x4 = 4.123105625617660549821409856

Found by a Greek engineer and architect Heron about 2000 years ago!
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Example (2)

^Úî{¦�§ xex − 1 = 030.5NC��,Ø�°Ý ε = 10−5.
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ÂÂÂñññ���

½Âµ{xk} → x∗, εk =
∣∣x∗ − xk

∣∣. e∃p ≥ 1Ú�~êc§s.t lim
k→∞

εk+1
ε

p
k

= c§K

¡{xk}�p�Âñ�§�¡�A�S��ª�p�Âñ.

�S��ª�φ(x)§x∗�φ�ØÄ:
(
i.e., x∗ = φ(x∗)

)
.

�φ′(x∗) 6= 0�

εk+1 =
∣∣x∗ − xk+1

∣∣ =
∣∣φ(x∗)− φ(xk )

∣∣ =
∣∣φ′(ξk )(x∗ − xk )

∣∣ =
∣∣φ′(ξk )

∣∣εk

-k →∞� lim
k→∞

εk+1
εk

=
∣∣φ′(x∗)∣∣ 6= 0 =⇒��Âñ.

�φ′(x∗) = 0�φ′′(x∗) 6= 0�§

εk+1 =
∣∣x∗ − xk+1

∣∣ =
∣∣φ(x∗)− φ(xk )

∣∣ =
∣∣φ′′(ξk )

2
(x∗ − xk )2∣∣

� lim
k→∞

εk+1
ε2

k
=
∣∣φ′′(x∗)

2

∣∣ 6= 0 =⇒��Âñ.
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NewtonS��ª
xk+1 = φ(xk ) = xk −

f (xk )

f ′(xk )

e α� f (x) = 0�ü�§KNewtonS���Âñ¶e α�­�§d

�NewtonS���´��Âñ" J«: (ë���P66)

xk+1−α = φ(xk )−φ(α) = φ(α)+(xk−α)φ′(α)+
1
2

(xk−α)2φ′′(ξ)−φ(α)

Recall: 3NewtonS��ª¥,k

φ′(x) =
(
x − f (x)

f ′(x)

)′
=

f (x)f ′′(x)(
f ′(x)

)2

e α� f (x) = 0�p­�,KS��ª

xk+1 = φ(xk ) = xk − p
f (xk )

f ′(xk )

´��Âñ� (�- f (x) = (x − α)ph(x),ë���P66)"
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Proof.
6By assumption, f (α ) = 0 = f ′(α ). Denote the

error en = xn − α , then by the Newton’s iteration,
we have f (xnen+1 = xn+1 − α= xn −

)

f ′(xn)

= en

− α

− f (xn)

f ′(xn)
=

enf ′(xn)− f (xn)

f ′(xn)
. (1)

By Taylor’s Theorem, we have

0 = f (r) = f (xn − en) = f (xn)− enf ′(xn) +
1
2

e2
nf ′′(ξn)

=⇒ enf ′(xn)− f (xn) =
1
2

e2
nf ′′(ξn) (2)

where ξn is a number between xn & r .

NewtonSSS������ªªª单根时���ÂÂÂñññ���
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= en
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1
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=⇒ enf ′(xn)− f (xn) =
1
2

e2
nf ′′(ξn)

where ξn is a number between xn &α
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.



Proof(continued...)
Putting (2) into (1) leads to

en+1 =
f ′′(ξn)

2f ′(xn)
e2

n ≈
f ′′(α )

e
2f ′(α )

2
n = Ce2

n (quad. conv.) (3)

when en is small.

Define a quantity c(δ) by

c(δ) = max
|x−r |≤δ

|f ′′(x)|/ min
|x−r |≤δ

|2f ′(x)| (δ > 0) (4)

Select δ small enough so that δc(δ) < 1. This is
possible because c(δ)→ f ′′(r)

2f ′(r) as δ → 0. So
δc(δ)→ 0 as δ → 0. Suppose |x0 − r | ≤ δ, then
|e0| ≤ δ & |ξ0 − r | ≤ δ.

NewtonSSS������ªªª单根时���ÂÂÂñññ���
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Example (3)

�yS��ª xk+1 = xk (x2
k + 3a)/(3x2

k + a) (k = 0, 1, 2, · · · )´
¦
√

a (a > 0)�n��{.

)µ�limk→∞ xk = α, ⇒ α = α(α2 + 3a)/(3α2 + a)⇒ a2 = α

⇒ lim
k→∞

xk =
√

a

xk+1 −
√

a =
xk (x2

k + 3a)−
√

a(3x2
k + a)

3x2
k + a

=
x3

k + 3axk − 3
√

ax2
k −
√

a
3

3x2
k + a

=
(xk −

√
a)3

3x2
k + a

⇒ lim
k→∞

xk+1 −
√

a
(xk −

√
a)3

= lim
k→∞

1
3x2

k + a
=

1
4a

�
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its initial guess is sufficiently close to a zero or
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Example (4)

^u�{¦�§ x3 − 7.7x2 + 19.2x − 15.3 = 0�,
� x0 = 1.5, x1 = 4.0.

- f (x) = x3 − 7.7x2 + 19.2x − 15.3,�\u�{S��ª

xk+1 = xk − f (xk )
xk − xk−1

f (xk )− f (xk−1)
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3.4 ������555���§§§|||���NewtonSSS���{{{

�k���§|(x , y�gCþ)
{

f (x , y) = 0
g(x , y) = 0

�¤�þ/ªµ F (w) = 0,Ù¥

F (w) =

(
f (x , y)
g(x , y)

)
, w = (x , y)T

é f ,g 3 (x0, y0)���TaylorÐm§�Ù�5Ü©§�{
f (x , y) ≈ f (x0, y0) + (x − x0)∂f (x0,y0)

∂x + (y − y0)∂f (x0,y0)
∂y = 0

g(x , y) ≈ g(x0, y0) + (x − x0)∂g(x0,y0)
∂x + (y − y0)∂g(x0,y0)

∂y = 0

- ∆x = x − x0,∆y = y − y0§K

J(x0, y0)

(
∆x
∆y

)
=

(
−f (x0, y0)
−g(x0, y0)

)
.
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ùp§Jacobi(ä�')Ý


J(x0, y0)
.

=

(
∂f
∂x |(x0,y0)

∂f
∂y |(x0,y0)

∂g
∂x |(x0,y0)

∂g
∂y |(x0,y0)

)
.

edet(J(x0, y0)) 6= 0,�)Ñ ∆x ,∆y .-

w1
.

=

(
x1
y1

)
.

=

(
x0
y0

)
+

(
∆x
∆y

)
=

(
x0 + ∆x
y0 + ∆y

)
.
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?
��
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y2
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x1
y1
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(
∆x
∆y
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y1 + ∆y

)
.
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UY�e�...
zgS�k)��'u ∆x .

= x − xk ,∆y .
= y − xk ����§|

J(xk , yk )

(
∆x
∆y

)
=

(
−f (xk , yk )
−g(xk , yk )

)
.

?
��#�S�:

wk+1
.

=

(
xk+1
yk+1

)
.

=

(
xk
yk

)
+

(
∆x
∆y

)
=

(
xk + ∆x
yk + ∆y

)
.



Example (3.6)

¦��5�§|{
f1(x , y)

.
= 4− x2 − y2 = 0

f2(x , y)
.

= 1− ex − y = 0
, �Ð©�

(
x0
y0

)
=

(
1
−1.7

)
.
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

f1(x1, x2, · · · , xn) = 0
f2(x1, x2, · · · , xn) = 0
...
fn(x1, x2, · · · , xn) = 0

§�¤�þ/ª�µ

F (X ) = 0, Ù¥F = (f1, f2, · · · , fn)T , X = (x1, x2, · · · , xn)T

�ìüCþNewton{§�Ð�X0 = (x01, x02, · · · , x0n)T§ò{fi}n
i=13X0??

1TaylorÐm�§©O��A��5Ü©5Cqz��fi§�µ

f1(X0) + ∂f1
∂x1

(x1 − x01) + · · ·+ ∂f1
∂xn

(xn − x0n) = 0

f2(X0) + ∂f2
∂x1

(x1 − x01) + · · ·+ ∂f2
∂xn

(xn − x0n) = 0
...
fn(X0) + ∂fn

∂x1
(x1 − x01) + · · ·+ ∂fn

∂xn
(xn − x0n) = 0
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�¤�þ/ª=�

F (X0) + JF (X0)(X − X0) = 0
(
∗
)

Ù¥

JF (X ) =


∂f1
∂x1

· · · ∂f1
∂xn

...
. . .

...
∂fn
∂x1

· · · ∂fn
∂xn


L«F �JacobiÝ
.

�§|
(
∗
)
�)�X1 = X0 − J−1

F (X0)F (X0)§2ò{fi}n
i=13X1?TaylorÐm.

Ón��í2�NewtonS��ª�µ

Xk+1 = Xk −
F (Xk )

F ′(Xk )
= Xk −

(
JF (Xk )

)−1

F (Xk )

3¢S¥§��ÏL)±e�5�ê�§|

JF (Xk )(Xk+1 − Xk ) = −F (Xk )

5¦Xk+1.
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