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nØþ·�kCramer{Kµ��=�det(A) 6= 0�§�§|k���)¶
�
)�xi =

Di
D . Ù¥

D = det(A),Di = det


a11 · · · a1,i−1 b1 a1,i+1 · · · a1n

...
...

...
...

...
an1 · · · an,i−1 bn an,i+1 · · · ann



�3¢SO�¥§Cramer{K  Ã{�1£¦^¤! ~Xn = 100§I�
�101 · 100! · 99g¦Ø{! / %#���10´8c·I�r��?O�Å,
¦^�´��gÌ�£���I��¡,Ù¸�O��Ý�z¦12.54··g
(1©¨O�Uå��u�¥72·<Ó�^O�ìØmäO�32c),±YO��
Ýz¦9.3··g�e^Cramer{K�¦)��ÊÏ�100× 100��5�§
|§=¦^�Ý�1033g/¦��?O�Å§I��

101 · 100! · 99
365 · 24 · 3600 · 1033 ≈ 10120c.
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e¡3«AÏ�5�ê�§|Ax = b�)§�±��¦Ñ:

1. A = diag(a11, a22, · · · , ann)⇒ xi =
bi
aii
(i = 1, · · · , n) 7−→ng¦(Ø){

2. A =


l11

l21 l22

...
...

. . .

ln1 ln2 · · · lnn

 ⇒ xi =
bi−

i−1∑
j=1

lij xj

lii
7−→ n(n+1)

2 g¦{

3. A =



u11 u12 · · · · · · u1n

u22 · · · · · · u2n

. . . · · ·
...

u(n−1)(n−1) u(n−1)n

unn


⇒ xi =

bi−
n∑

j=i+1
uij xj

uii

7→ n(n+1)
2 g¦{
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(A, b)�1C�§C�þã�3«a.���2¦).

~X§Gauss��{=z�þn�/ª.


a11 a12 · · · a1n b1

a21 a22 · · · a2n b2

...
...

. . .
...

...
an1 an2 · · · ann bn

=⇒



a(1)
11 a(1)

12 a(1)
13 · · · a(1)

1n b(1)
1

0 a(2)
22 a(2)

23 · · · a(2)
2n b(2)

2

0 0 a(3)
33 · · · a(3)

3n b(3)
3

...
...

...
. . .

...
...

0 0 0 · · · a(n)
nn b(n)

n


äNÚ½Xe.
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1�Úµ 111×(− aı̇1
a11

) +1 ı̇ 1§ ı̇ = 2, · · · , n.


a11 a12 · · · a1n b1

a21 a22 · · · a2n b2

...
...

. . .
...

...
an1 an2 · · · ann bn

 =⇒


a11 a12 · · · a1n b1

0 a(2)
22 · · · a(2)

2n b(2)
2

...
...

. . .
...

...
0 a(2)

n2 · · · a(2)
nn b(2)

n


$�þµ (n − 1) · (n + 1)
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a(2)
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) +1 ı̇ 1§ ı̇ = 3, · · · , n.
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...
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. . .
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n

 =⇒
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22 a(2)

23 · · · a(2)
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2

0 0 a(3)
33 · · · a(3)
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3

...
...

...
. . .

...
...

0 0 a(3)
n3 · · · a(3)

nn b(3)
n



$�þµ (n − 2) · (1 + n − 1) = (n − 2)n
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ı̇k

a(k)
kk

) +1 ı̇ 1§ ı̇ = k + 1, · · · , n.

$�þµ (n − k) · (1 + n − k + 1) = (n − k)(n − k + 2).
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. . .
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0 0 0 · · · a(n)
nn b(n)

n



z�þn��§|�$�þ�
n−1∑
k=1

(n − k)(n − k + 2)§\þ)þãþn�
�

$�þ (n+1)n
2 §o��

n3

3
+ n2 − n

3
= O(n3)
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òGauss��1 k ÚC�µ

1 k 1×(−a(k)
ı̇k

a(k)
kk

) +1 ı̇ 1§ ı̇ = 1, · · · , k − 1, k + 1, · · · , n.

��XêÝ
���¤�é�
§=¡�Gauss-Jordan��{.

��ù�@�µGauss-Jordan��=3Gauss���¤�£d�XêÝ
�
þn�
¤§UY^é��?1�þ��£�É¤§��C¤é�
§2¦

).

Gauss-Jordan��{O�E,Ý'Gauss��{Ñõ§þ?��.
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3Gauss��L§¥§L(� a(k)
kk 6= 0§

�du A�¤k^SÌfªþØ�0§=

det

 a11 · · · a1i
...

. . .
...

ai1 · · · aii

 6= 0, i = 1, · · · , n

ù´Gauss��{nØþ�1�¿�^�.

5: XJ,Ú� a(k)
kk é��{§�U¬�)���O�Ø�,l
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U§=L̃A = U.

(ØµeA���^SÌfªØ�0§KkA = LU (L = L̃−1). 5µGauss��
{�¢�Ò´�éÝ
 A� LU ©)�
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�)�§|Ax = b§�kòA?1 LU©)§2=
z�ü�N´¦)��§|.

Ly = b (1)O(n3) Ax = b ⇐⇒ LUx = b ⇐⇒
{

Ux = y (2)

kd(1)¦y§2�\(2)¦x .

5µU?1��©){�^��Gauss��{�
Ó§=��^SÌfªØ�0.
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Check— equationsµº; unknownsµº

e�¦L�ü en�§K¡� Doolittle©).
e�¦U�ü þn�§K¡� Crout’s Factorization.
e�¦lij = uji (i , j = 1, . . . ,n)(�¦A�é¡�½Ý
),
K¡�Cholesky©) (i.e., A = LLT ⇐⇒ L̃DL̃T ©)).
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1. |||^̂̂A1111111µµµa1j = u1j , j = 1, · · · , n⇒ u1j = a1j

2. |||^̂̂A1111���µµµai1 = li1u11, i = 2, · · · , n⇒ li1 = ai1
u11

3. |||^̂̂1112111µµµa2j = l21u1j + u2j , j = 2, · · · , n⇒ u2j = a2j − l21u1j
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Example (in class)
Find the Doolittle’s Factorization for the following matrix A.

A =

 4 −2 1
−2 4 1

1 1 3

 = L U

=

 1 0 0
l21 1 0
l31 l32 1

 4 −2 1
0 u22 u23
0 0 u33



=

 1 0 0
−1

2 1 0
1
4

1
2 1

 4 −2 1
0 3 3

2
0 0 2


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òCrout’s FactorizationA^uné�
 (A = LU)
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c2 a2
. . .

. . .
. . . bn−1
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
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. . .
. . .

γn αn
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
1 β1

1
. . .
. . . βn−1

1



é�§| Ax = f ,ÙO�L§�(ùpγi = ci , i = 2, . . . , n; f = (f1, . . . , fn)T )µ
αi = ai − ciβi−1 (c1 = 0)
βi = bi/αi

i = 1, · · · , n
yi = (fi − ciyi−1)/αi i = 1, · · · , n (J )

xk = yk − βk xk+1, k = n, · · · , 1. (βn = xn+1 = 0) (` )

Here, y ≡ (y1, · · · , yn)
T = Ux . O�E,Ýµ5n − 4 = O(n).
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L = (lij), U = (uij), D = diag(u11, · · · , unn), Ũ = D−1U

K A = LU = LDD−1U = LDŨ§Ù¥Ũ�ü þn�
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��. dAé¡� A = AT = ŨT DLT¶�kL = ŨT ,=µA = LDLT .

�{µkO�A�Doolittle©)£½Crout©)¤A = LU§D��U£L¤�é
��=�.
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½ÂµeN� ‖ · ‖ : Rn → R+ ∪ {0}÷vµ

‖X‖ ≥ 0,� ‖X‖ = 0⇔ X =正定5 0

àg5 ∀a ∈ R, ‖aX‖ = |a| · ‖X‖
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K¡TN�‖·‖��þ�m Rnþ��«�þ�ê.

� X = (x1, x2, · · · , xn)
T ∈ Rn. ¡ ‖X‖p , (
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i=1
|xi |p)

1
p (p ≥ 1)��

þ X�p−�ê. ~��p�êkµ

1 ‖X‖1 =
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√
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£1¤ 正定5µ‖A‖ ≥ 0§‖A‖ = 0��=�A = 0.

R

£3¤ n�Ø�ª: ‖A + B‖ ≤ ‖A‖+ ‖B‖

KN�‖ · ‖½Â
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�ê¶

eN�‖·‖�÷v�N5^�,=

£4¤ �N5: ‖AB‖ ≤ ‖A‖‖B‖, ∀ n��
 A,B

K¡N�‖ · ‖��«�NÝ
�ê.

½Âµ�‖ · ‖´�«�þ�ê§�±d§½ÂÝ
��ê

‖A‖ , sup
x∈Rn,x 6=0

‖Ax‖
‖x‖ = sup

x∈Rn,‖x‖=1
‖Ax‖

¡���þ�ê‖ · ‖�p�(lá)Ý
�ê‖ · ‖.

5µ ØJ�yppp���(lllááá)ÝÝÝ
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�3«~���þp−�ê (‖ · ‖p)éA�p�Ý
�ê©O�

‖A‖1 = max
1≤j≤n

n∑
i=1
|aij | −→��(ýé�)Ú����

‖A‖∞ = max
1≤i≤n

n∑
j=1
|aij | −→1�(ýé�)Ú����

‖A‖2 =
√
ρ(AT A)§�¡�Ì�ê

½Âµ� {λi}n
i=1�A�¤kA��. ρ(A) , max

1≤i≤n
|λi | L«A�����A�

���§¡�A�Ì�».



�3«~���þp−�ê (‖ · ‖p)éA�p�Ý
�ê©O�

‖A‖1 = max
1≤j≤n

n∑
i=1
|aij | −→��(ýé�)Ú����

‖A‖∞ = max
1≤i≤n

n∑
j=1
|aij | −→1�(ýé�)Ú����

‖A‖2 =
√
ρ(AT A)§�¡�Ì�ê

½Âµ� {λi}n
i=1�A�¤kA��. ρ(A) , max

1≤i≤n
|λi | L«A�����A�

���§¡�A�Ì�».



~ µ‖A‖1 = max
1≤j≤n

n∑
i=1
|aij |

Pf : ‖A‖1 = sup
‖x‖1=1

‖Ax‖1

= sup
‖x‖1=1

‖(a11x1 + · · ·+ a1nxn, · · · , an1x1 + · · ·+ annxn)
T‖1

= sup
‖x‖1=1

(
|a11x1 + · · ·+ a1nxn|+ · · ·+ |an1x1 + · · ·+ annxn|

)
≤ sup

‖x‖1=1

(
(|a11|+ · · ·+ |an1|)|x1|+ · · ·+ (|a1n|+ · · ·+ |ann|)|xn|

)
≤ sup

‖x‖1=1

(
max
1≤j≤n

∑
1≤i≤n

|aij |
)
·
(
|x1|+ · · ·+ |xn|

)
= max

1≤j≤n

∑
1≤i≤n

|aij |

�1k��Ú��§�xk = 1ÚÙ{xi = 0U¦�Ò¤á.

Ón�yµ‖A‖∞ = max
1≤i≤n

n∑
j=1
|aij |.



~ µ‖A‖1 = max
1≤j≤n

n∑
i=1
|aij |

Pf : ‖A‖1 = sup
‖x‖1=1

‖Ax‖1

= sup
‖x‖1=1

‖(a11x1 + · · ·+ a1nxn, · · · , an1x1 + · · ·+ annxn)
T‖1

= sup
‖x‖1=1

(
|a11x1 + · · ·+ a1nxn|+ · · ·+ |an1x1 + · · ·+ annxn|

)
≤ sup

‖x‖1=1

(
(|a11|+ · · ·+ |an1|)|x1|+ · · ·+ (|a1n|+ · · ·+ |ann|)|xn|

)
≤ sup

‖x‖1=1

(
max
1≤j≤n

∑
1≤i≤n

|aij |
)
·
(
|x1|+ · · ·+ |xn|

)
= max

1≤j≤n

∑
1≤i≤n

|aij |

�1k��Ú��§�xk = 1ÚÙ{xi = 0U¦�Ò¤á.

Ón�yµ‖A‖∞ = max
1≤i≤n

n∑
j=1
|aij |.



~ µ‖A‖2 =
√
ρ(AT A) .

PfµAT A�é¡��½
§�Ùkλ1, · · · , λn��KA��§��ÙéA�n�
ü �A��þu1, · · · , un��¤Rn��|IO��Ä.
∀x ∈ Rn, ‖x‖2 = 1§�x = x1u1 + · · ·+ xnun. Kµ

‖Ax‖2
2 = (Ax)T Ax =

(
A(x1u1 + · · ·+ xnun)

)T · A(x1u1 + · · ·+ xnun)

= (x1u1 + · · ·+ xnun)
T · (AT Ax1u1 + · · ·+ AT Axnun)

= (x1u1 + · · ·+ xnun)
T · (λ1x1u1 + · · ·+ λnxnun)

= λ1x2
1 + · · ·+ λnx2

n

≤ max
i
λi ·

∑
1≤i≤n

|xi |2 = max
i
λi = ρ(AT A)

��Ò�±��. � ‖A‖2 = sup
‖x‖2=1

‖Ax‖2 =
√
ρ(AT A).



~ µ‖A‖2 =
√
ρ(AT A) .

PfµAT A�é¡��½
§�Ùkλ1, · · · , λn��KA��§��ÙéA�n�
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∀x ∈ Rn, ‖x‖2 = 1§�x = x1u1 + · · ·+ xnun. Kµ

‖Ax‖2
2 = (Ax)T Ax =

(
A(x1u1 + · · ·+ xnun)

)T · A(x1u1 + · · ·+ xnun)

= (x1u1 + · · ·+ xnun)
T · (AT Ax1u1 + · · ·+ AT Axnun)

= (x1u1 + · · ·+ xnun)
T · (λ1x1u1 + · · ·+ λnxnun)

= λ1x2
1 + · · ·+ λnx2

n

≤ max
i
λi ·

∑
1≤i≤n

|xi |2 = max
i
λi = ρ(AT A)

��Ò�±��. � ‖A‖2 = sup
‖x‖2=1

‖Ax‖2 =
√
ρ(AT A).



½nµλ�A�A��§‖ · ‖�?�p��Ý
�ê. K|λ| ≤ ‖A‖.

Pfµ�λéA�A��þ�x§KAx = λx . d

‖A‖ = sup
x∈Rn,x 6=0

‖Ax‖
‖x‖ = sup

x∈Rn,‖x‖=1
‖Ax‖

�é�A��þ�êk‖Ax‖ ≤ ‖A‖ ‖x‖.

‖λ · x‖ = |λ| · ‖x‖ = ‖A · x‖ ≤ ‖A‖ · ‖x‖ =⇒ |λ| ≤ ‖A‖

d½n�µ ρ(A) ≤ ‖A‖.

5µ�Òk�U¤á§~Xµ�A�¢é¡Ý
�§ρ(A) = ‖A‖2.



½nµλ�A�A��§‖ · ‖�?�p��Ý
�ê. K|λ| ≤ ‖A‖.

Pfµ�λéA�A��þ�x§KAx = λx . d

‖A‖ = sup
x∈Rn,x 6=0

‖Ax‖
‖x‖ = sup

x∈Rn,‖x‖=1
‖Ax‖

�é�A��þ�êk‖Ax‖ ≤ ‖A‖ ‖x‖.

‖λ · x‖ = |λ| · ‖x‖ = ‖A · x‖ ≤ ‖A‖ · ‖x‖ =⇒ |λ| ≤ ‖A‖

d½n�µ ρ(A) ≤ ‖A‖.

5µ�Òk�U¤á§~Xµ�A�¢é¡Ý
�§ρ(A) = ‖A‖2.
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√√√√ n∑
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n∑
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√
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(
7.46 −10.95
−10.95 16.25

)
� λ1 = 23.6541, λ2 = 0.05591. �

‖A‖2 =
√
ρ(AT A) =

√
λ1 = 4.86355
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½ÂµCondp(A) , κ(A) , ‖A‖p ‖A−1‖p ¡�Ý

 A3p�ê¿Âe�^�ê.

~X§A�é¡

�p = 2�§Cond2(A) = ‖A‖2 · ‖A−1‖2 =

∣∣λ1
λn

∣∣§Ù
¥λ1, λn©O�A�������A��.

Ú\^�ê�Vg§Ì�´�
?Ø)�Ø��
Cz§)�­½5�. ��`5§^�ê���

éA��5�§|´¾¾¾������.
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½ÂµCondp(A) , κ(A) , ‖A‖p ‖A−1‖p ¡�Ý

 A3p�ê¿Âe�^�ê.

~X§A�é¡

�p = 2�§Cond2(A) = ‖A‖2 · ‖A−1‖2 =

∣∣λ1
λn

∣∣§Ù
¥λ1, λn©O�A�������A��.

Ú\^�ê�Vg§Ì�´�
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~µ^ü°Ý£zg$�(J�34 �ê¤)���§|{
0.0003x1 + 3.0000x2 = 2.0001
1.0000x1 + 1.0000x2 = 1.0000

UGauss��{�{
0.0003x1 + 3.0000x2 = 2.0001
−9999.0000x2 = −6666.0000

=⇒ x2 = 0.6667, x1 = 0.0000

ý¢)� x2 = 2
3 ≈ 0.6667, x1 = 1

3 ≈ 0.3333



~µü°Ý)�§|£zg$�(J�34 �ê¤{
0.0003x1 + 3.0000x2 = 2.0001
1.0000x1 + 1.0000x2 = 1.0000

U�Ì���{�{
1.0000x1 + 1.0000x2 = 1.0000

2.9997x2 = 1.9998

=⇒ x2 = 0.6667, x1 = 0.3333



)))���ØØØ������CCCzzz

¯K�µ�bk�Ø�(6Ä)δb�§¬é�§| Ax = b)kõ�K�º

�bk�Ø�δb �§�§�)�x + δx . Kµ{
Ax = b
A(x + δx) = b + δb

=⇒

{
‖b‖ ≤ ‖A‖‖x‖
‖δx‖ ≤ ‖A−1‖ · ‖δb‖

=⇒ ‖δx‖‖x‖ 6
∥∥∥A−1

∥∥∥ · ‖A‖ · ‖δb‖‖b‖ = Cond(A) · ‖δb‖‖b‖

ùpCond(A)£ã
)��éØ��b��éØ����Ç.
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1
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 , b =

 b1

b2

b3

. �§Ax = b�)�µ


x1 = 72b1 − 240b2 + 180b3

x2 = −240b1 + 900b2 − 720b3

x3 = 180b1 − 720b2 + 600b3

ØJwÑT�§|�)éb�Ø�(6Ä)'�¯a§=�§´¾��. d�µ

Cond1(A) = Cond∞(A) = 2015, Cond2(A) = 1353.28 · · ·
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x1 = 72b1 − 240b2 + 180b3

x2 = −240b1 + 900b2 − 720b3

x3 = 180b1 − 720b2 + 600b3

ØJwÑT�§|�)éb�Ø�(6Ä)'�¯a§=�§´¾��. d�µ

Cond1(A) = Cond∞(A) = 2015, Cond2(A) = 1353.28 · · ·
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¯K�µ�Ak�Ø� δA�§¬é�§|Ax = b)kõ�K�º

�Yµ ‖δx‖
‖x‖ ≤

‖A−1‖·‖A‖ ‖δA‖
‖A‖

1−‖A−1‖·‖A‖ ‖δA‖
‖A‖

=
Cond(A) ‖δA‖

‖A‖

1−Cond(A)· ‖δA‖
‖A‖
≈ Cond(A) · ‖δA‖

‖A‖
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