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é�§(|)F (x) = 0§S�{Ä�Ú½µ

1 �E��§|��d/ª F (x) = 0⇔ x = Φ(x).
2 �ÑS��ª x (k+1) = Φ(x (k))§¿�Ü·�Ð� x (0) .
3 e4�x∗ = lim

k→+∞
x (k)�3§Kx∗��§�). 3O�þ§�

�S��‖x (k+1) − x (k)‖ < ε�Ê�.
e4�x∗ = lim

k→+∞
x (k)Ø�3§K�}. I�Äæ^,	�S��

ª Φ½Ð� x (0).

�þS� x (k) −→ x∗ =⇒ x (k)
i −→ x∗i (=x (k)�©þ©OÂñ

�x∗�éA©þ);

�5�§|���«AÏ�/§^S�{¦)�Ä�g���

�5�§¦��S��{���Ó.
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�E�A�S��þS

Ax = b ⇐⇒ x = Gx + c  (�d/ª),

�

x (k+1) = G x (k) + g

Ï~¡ G�S�Ý
. e��§|�)� x∗§Kµ

x (k+1) − x∗ = Gx (k) −Gx∗ = G(x (k) − x∗)

= G2(x (k−1) − x∗) = · · · = Gk+1(x (0) − x∗)

�µ�þS�{x (k)}Âñ⇐⇒ Gk → 0⇐⇒ ρ(G) < 1 (¿�^�)
5µÂñ�Ð�(=Ð©�þ) x (0) �À�Ã'�

Ïρ(G) ≤ ‖G‖,e�3�ê‖G‖p < 1,KS�Âñ¶��Ø,.

Ï~æ^1,∞�ê5oÑ�OÂñ5.
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S���{{{收敛的充要条件)

For the iterative formula

x (k) = Gx (k−1) + c

to produce a sequence converging to
(I −G)−1c, for any vector c and any starting
vector x (0), it is necessary and sufficient
that the spectral radius of G be less than 1,
i.e., ρ(G) < 1.

定理
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�±ù�5�µòA©¤ü
Ü©��A = Q − P¿¦ Q (Ï~¡�©�Ý
)�_.

�Ax = b��d�§ x = Gx + c�§

K

Ax = b ⇐⇒ (Q − P)x = b

⇐⇒ Qx = Px + b ⇐⇒ x = Q−1Px + Q−1b

� G = Q−1P, g = Q−1b =�.

n«�~�!�Ä��S��ª½�{£d´�J§d{��¤µ

JacobiS� =⇒ Gauss-SeidelS� =⇒tµ(SOR)S�
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Corollary

The iterative formula

Qx (k) = (Q − A)x (k−1) + b (k ≥ 1)

will produce a sequence converging to the
solution of Ax = b, for any starting vector
x (0), if ρ(I −Q−1A) < 1.
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)�_. K

Ax = b ⇐⇒ (Q − P)x = b
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常用的线性方程组迭代法



JacobiSSS���

��)�§|�µ
a11x1 + · · ·+ a1nxn = b1

a21x1 + · · ·+ a2nxn = b2
...

an1x1 + · · ·+ annxn = bn

b½A�é��aii�Ø�0§©Od1i��§)Ñxi�µ
x1 = − 1

a11
(a12x2 + · · ·+ a1nxn − b1)

x2 = − 1
a22

(a21x1 + a23x3 + · · ·+ a2nxn − b2)
...
xn = − 1

ann
(an1x1 + · · ·+ an n−1xn−1 − bn)

§´��§����d�§ (�¤�þ/ª x = Gx + g).
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JacobiS��ª(©©©þþþ///ªªª)
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...
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ann
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(k) + · · ·+ an,n−1xn−1

(k) − bn)

===¡¡¡���µµµJacobiSSS���§§§���¡¡¡{{{üüüSSS���.
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===¡¡¡���µµµJacobiSSS���§§§���¡¡¡{{{üüüSSS���.
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 G�Ì�» ρ(G) < 1.

éuJacobiS�§·�k�
�yÂñ�¿©^�.

½nµeA÷ve�^���§KJacobiS�Âñ.
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§= |ajj | >
n∑

i=1,i 6=j
|aij |

�yµ

 2 −1 0
−1 2 −1

0 −1 2
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Pf: �. JacobiS�Ý
�G = −D−1(L + U)
.

= (gij)§Ù¥

gij =

{
−aij

aii
, j 6= i ;

0, j = i.

� ρ(G) ≤ ‖G‖∞ = max
1≤i≤n

n∑
j=1
|gij | = max

1≤i≤n

∑
j 6=i
|aij |

|aii |
< 1§=⇒JacobiS

�Âñ.

�. Aî��é�Ó`�ATî�1é�Ó`. �

I − D−1AT ∼ D(I − D−1AT )D−1 = (I − D−1A)T ∼ I − D−1A

=⇒ ρ(I − D−1AT ) = ρ(I − D−1A)

d��JacobiS�Âñ.
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d‖G‖1 = 0.7⇒ ρ(G) ≤ ‖G‖1 = 0.7 < 1§�JacobiS�Âñ. �
Ð©�x (0) = (1, 1, 1)T§O�(JdeL¤«.

k x (k)
1 x (k)

2 x (k)
3 ‖X (k) − X (k−1)‖∞

0 1 1 1
1 -1.5 1.6 0.9 0.6
2 -1.25 2.08 1.09 0.48
3 -0.915 2.068 1.017 0.355
4 -0.9575 1.9864 0.9847 0.0425
5 -1.01445 1.98844 0.99711 0.05695
6 -1.00722 2.00231 1.0026 0.00723
7 -0.997543 2.00197 1.00049 0.009677

��§|�°()´x = (−1, 2, 1)T .
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Gauss¨̈̈SeidelSSS���
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x1
(k+1) = − 1

a11
(a12x2

(k) + · · ·+ a1nxn
(k) − b1)

x2
(k+1) = − 1

a22
(a21x1

(k) + a23x3
(k) + · · ·+ a2nxn

(k) − b2)

x3
(k+1) = − 1

a33
(a31x1

(k) + a32x2
(k) + a34x4

(k) + · · ·+ a3,nxn
(k) − b3)

...
xn

(k+1) = − 1
ann

(an1x1
(k) + an2x2

(k) + · · ·+ an,n−1xn−1
(k) − bn)
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Gauss¨̈̈SeidelSSS���
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=µGauss¨SeidelS�.EP A = D + L + U.
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Gauss¨̈̈SeidelSSS���ÝÝÝ




Gauss¨SeidelS��¤�þ/ª�µ

x (k+1) = −D−1(Lx (k+1) + Ux (k) − b)

⇐⇒ x (k+1) = −(D + L)−1Ux (k) + (D + L)−1b

⇐⇒ x (k+1) = (I −Q−1A)x (k) + Q−1b, Q = D + L

⇐⇒ Qx (k+1) = −Ux (k) + b, Q = D + L

�Gauss¨SeidelS�Ý
�

G = −(D + L)−1U = I −Q−1A
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=£�>µî�1½�é�Ó`§Ú¡�îîî���ééé���ÓÓÓ`̀̀"

½n 5.1µeÝ
 M î�é�Ó`§K M �_.

Proof.

�y{"� M �î�1é�Ó`�§b� M Ø�_§K�3�
"�þx = (x1, · · · , xn)T ¦� MX = 0. Ø�
� 0 6= |xi | = max1≤j≤n |xj |,Kk

n∑
j=1

mijxj = 0⇒ |miixi | = |
∑
j 6=i

mijxj | ≤
∑
j 6=i

|mij ||xj | < |mii ||xi |

gñ�Ón§� M �î��é�Ó`�§K MT �î�1é�
Ó`. dc�§ MT �_"nþ§ M þ�_"
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Gauss¨̈̈SeidelSSS���ÂÂÂñññ^̂̂���

Gauss-SeidelS��ªÂñ�¿�^�´G�Ì�»ρ(G) < 1§e
¡´�
Gauss-SeidelS�Âñ�¿©^�.

½nµeÝ
A÷ve�^���§KGauss-SeidelS�Âñ.

� A�î�(1½�)é�Ó`
. (ë�13�½n5.3)

� A�¢é¡�½
. (ë�13�104�§½n5.4)



Gauss¨̈̈SeidelSSS���ÂÂÂñññ^̂̂���

Gauss-SeidelS��ªÂñ�¿�^�´G�Ì�»ρ(G) < 1§e
¡´�
Gauss-SeidelS�Âñ�¿©^�.
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� A�î�(1½�)é�Ó`
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�.

?�Gauss-SeidelS�Ý
 G = I − (D + L)−1A��"A�
�λ§�v 6= 0��A�A��þ§i.e., Gv = λv .
d(D + L− A)v = λ(D + L)v

⇒ −Uv = λ(D + L)v ⇒
(D + L + λ−1U)v = 0.e |λ| ≥ 1,K D + L + λ−1U 7î�é�
Ó`§d½n5.1�Ù�_"gñ��
k|λ| < 1⇒ ρ(I − (D + L)−1A) < 1. �S�Âñ�



�.

?�Gauss-SeidelS�Ý
 G = I − (D + L)−1A��"A�
�λ§�v 6= 0��A�A��þ§i.e., Gv = λv .
d(D + L− A)v = λ(D + L)v ⇒ −Uv = λ(D + L)v ⇒
(D + L + λ−1U)v = 0.

e |λ| ≥ 1,K D + L + λ−1U 7î�é�
Ó`§d½n5.1�Ù�_"gñ��
k|λ| < 1⇒ ρ(I − (D + L)−1A) < 1. �S�Âñ�



�.

?�Gauss-SeidelS�Ý
 G = I − (D + L)−1A��"A�
�λ§�v 6= 0��A�A��þ§i.e., Gv = λv .
d(D + L− A)v = λ(D + L)v ⇒ −Uv = λ(D + L)v ⇒
(D + L + λ−1U)v = 0.e |λ| ≥ 1,K D + L + λ−1U 7î�é�
Ó`§d½n5.1�Ù�_"gñ��
k|λ| < 1

⇒ ρ(I − (D + L)−1A) < 1. �S�Âñ�



�.

?�Gauss-SeidelS�Ý
 G = I − (D + L)−1A��"A�
�λ§�v 6= 0��A�A��þ§i.e., Gv = λv .
d(D + L− A)v = λ(D + L)v ⇒ −Uv = λ(D + L)v ⇒
(D + L + λ−1U)v = 0.e |λ| ≥ 1,K D + L + λ−1U 7î�é�
Ó`§d½n5.1�Ù�_"gñ��
k|λ| < 1⇒ ρ(I − (D + L)−1A) < 1. �S�Âñ�



Proof.

�Óþ§?� G = I − (D + L)−1A�A��λ 6= 0§�v 6= 0�
�A�A��þ, i.e., Gv = λv ,Ù¥, A = D + L + U"

Ï A´¢
é¡��½�§� D �´¢é¡��½�,� U = LT .
P p , v̄T Dv > 0, a , v̄T Uv . Ï A¢é¡��½,
� v̄T Av > 0 =⇒ p + a + ā > 0. d��§
(D + L− A)v = λ(D + L)v ⇒ −Uv = λ(D + L)v or
−LT v = λ(D + UT )v ⇔ −v̄T L = λ̄v̄T (D + U)⇒

λ =
−v̄T Uv

v̄T (D + L)v
= − a

p + ā
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(D + L− A)v = λ(D + L)v ⇒ −Uv = λ(D + L)v or
−LT v = λ(D + UT )v ⇔ −v̄T L = λ̄v̄T (D + U)⇒

λ =
−v̄T Uv

v̄T (D + L)v
= − a

p + ā
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(k)
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�Gauss-SeidelS��ª�µ
x (k+1)

1 = 1
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2 + x (k)
3 + 7)
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2 = 1
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1 + 7)

x (k+1)
3 = 1
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S�k = 4Ú�=��)µ

x (1) = (0.7778, 0.9722, 0.9753)′

x (2) = (0.9942, 0.9993, 0.9994)′

x (3) = (0.9999, 0.9999, 0.9999)′

x (4) = (1.0000, 1.0000, 1.0000)′

°()?



�Gauss-SeidelS��ª�µ
x (k+1)

1 = 1
9 (x (k)

2 + x (k)
3 + 7)

x (k+1)
2 = 1

8 (x (k+1)
1 + 7)

x (k+1)
3 = 1

9 (x (k+1)
1 + 8)

S�k = 4Ú�=��)µ

x (1) = (0.7778, 0.9722, 0.9753)′

x (2) = (0.9942, 0.9993, 0.9994)′

x (3) = (0.9999, 0.9999, 0.9999)′

x (4) = (1.0000, 1.0000, 1.0000)′

°()?



~µ©O¦^JacobiS��Gauss-seidelS�{¦)Ax = b§Ù¥

A =

 2 −1 1
1 1 1
1 1 −2


?Øü«S��Âñ5.

)µJacobiS�Ý
�µ

G = I − D−1A =

 0 1
2 −1

2
−1 0 −1

1
2

1
2 0


ÙA�õ�ª�|λI −G| = λ3 + 5

4λ = 0 =⇒ λ1 = 0, λ2,3 = ±
√

5
2 i

duρ(G) =
√

5
2 > 1§�JacobiS�ØÂñ.
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e¦^Gauss¨SiedelS�{§KS�Ý
�µ

G = −(D + L)−1U

=

 0 1
2 −1

2
0 −1

2 −1
2

0 0 −1
2


��ÙA���

λ1 = 0, λ2,3 = −1
2

d ρ(G) = 1
2 < 1§�Gauss-SeidelS�Âñ.



e¦^Gauss¨SiedelS�{§KS�Ý
�µ

G = −(D + L)−1U =
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2 −1
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0 0 −1
2
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e¦^Gauss¨SiedelS�{§KS�Ý
�µ
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2
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2
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Remark

1. JacobiÚGauss-SeidelS�{�Âñ5'�
c¡~fL²µGauss-Seidel{Âñ�§Jacobi{�UØÂñ¶


Jacobi{Âñ�§ Gauss-Seidel{��UØÂñ.
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-r (k)i = ai1x1
(k+1) + · · ·+ai,i−1xi−1

(k+1) +aiix
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(k)−bi
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´òx (k)\þ?�þ−D−1 r (k)
��x (k+1), i.e.,

x (k+1) = x (k) − D−1 r (k).
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òtµS��ª�¤�þ/ª,��µ

(D + ωL)x (k+1) =

[
(1− ω)D − ωU

]
x (k) + ωb

⇐⇒

x (k+1) = (D + ωL)−1
(

(1− ω)D − ωU
)

x (k) + ω(D + ωL)−1b

, Sωx (k) + f = (I −Q−1A)x (k) + Q−1b

�tµÏf�ω�tµS�Ý
� (ùp Q = 1
ω

D + L=©�Ý
)

Sω = (D + ωL)−1
(

(1− ω)D − ωU
)

= I −Q−1A
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~µ^tµ(SOR)�{)e��§| (�ω�tµÏf)
2x1 − x2 − x3 = −5

x1 + 5x2 − x3 = 8

x1 + x2 + 10x3 = 11

£�µ�T�§|éA�JacobiS��ª£©þ/ª¤�µ
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½nµ 1. tµ(SOR)S�Âñ=⇒ 0 < ω < 2.
2. eA�é¡�½Ý
§K0 < ω < 2�tµS�Âñ.

Pf 1): �tµS�Âñ,K ρ(Sω) < 1. �S�Ý
Sω�¤kA��

�λ1, · · · , λn§Kµ
∣∣det(Sω)

∣∣ =
∣∣λ1 · · ·λn

∣∣ < 1.


 det(Sω) = det
(

(D + ωL)−1[(1− ω)D − ωU
])

= det(D + ωL)−1 · det
(
(1− ω)D − ωU

)
=

1
a11 · · · ann

·
[
(1− ω)a11

]
· · ·
[
(1− ω)ann

]
= (1− ω)n

�
∣∣(1− ω)n

∣∣ < 1 =⇒
∣∣1− ω∣∣ < 1 =⇒ 0 < ω < 2.

2). Ñ
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�
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2). Ñ



Remark
1. Ï~§r0 < ω < 1�S�¡�ætµS�§1 < ω < 2�S�
¡��tµS�§ω = 1�S��Gauss-SeidelS�.

2. tµS��{Âñ�¯ú�tµÏfω�ÀJk��'X.�
´XÛÀ��ZtµÏfω¦�ρ(Sω)����§´��ÿ�)û
�¯K.¢Sþ�æ^Á���{5(½�Ð�tµÏf. ²�þ�
�1.4 < ω < 1.6.
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Ax = b ⇐⇒ Qx = (Q − A)x + b ⇐⇒ x = (I −Q−1A)x + Q−1b

S�úª

Qx (k+1) = (Q − A)x (k) + b ⇐⇒ x (k+1) = (I −Q−1A)x (k) + Q−1b

Let A = D + L + U and assume 0 < ω < 2.

S��{ ©�Ý
 Q S�Ý
 G = I −Q−1A

Jacobi D I − D−1A

Gauss-Seidel D + L −(D + L)−1U

SOR(tµS�) 1
ω

D + L (D + ωL)−1
(
(1− ω)D − ωU

)

. JacobiS� ¦^�#©þ
============⇒ Gauss-SeidelS� Ú?tµÏf ω

=============⇒tµS�
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