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. . .

...
Rm1 = T2m−1n Rm2 = S2m−2n Rm3 = C2m−3n Rm4 = R2m−4n · · · Rmm

RombergO�úªµ Rk ,j = Rk ,j−1+
Rk ,j−1 − Rk−1,j−1

4j−1 − 1
, k = 2, 3, · · ·
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...

...
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. . .
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RombergO�úªµ Rk ,j = Rk ,j−1+
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4j−1 − 1
, k = 2, 3, · · ·

P25



Romberg���{{{
EzF/ EzSimpson EzCote’s Romberg · · ·

O(h2) O(h4) O(h6) O(h8)
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R51 = T16n R52 = S8n R53 = C4n R54 = R2n · · ·
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...
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. . .

...
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{zå�§=?ØÝ/«�Dþ��­È©. é�Ý/«��È©§�±(C
q)Cz�Ý/«�þ�È©.

� a, b, c, d �~ê§f3D = [a, b]× [c, d ]þëY§C�\gÈ©∫ b

a

∫ d

c
f (x , y)dxdy =

∫ b

a

(∫ d

c
f (x , y)dy

)
dx =

∫ d

c

(∫ b

a
f (x , y)dx

)
dy
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{zå�§=?ØÝ/«�Dþ��­È©. é�Ý/«��È©§�±(C
q)Cz�Ý/«�þ�È©.

� a, b, c, d �~ê§f3D = [a, b]× [c, d ]þëY§C�\gÈ©∫ b

a

∫ d

c
f (x , y)dxdy =

∫ b

a

(∫ d

c
f (x , y)dy

)
dx =

∫ d

c

(∫ b

a
f (x , y)dx

)
dy
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ò[a, b]Ú[c, d ]�å©�µh = b−a
m , k = d−c

n §kO�
∫ d

c f (x , y)dy . òxw¤~
ê§dEzF/È©úªkµ

∫ d

c
f (x , y)dy ≈ k

2

f (x , y0) + 2
n−1∑
j=1

f (x , yj ) + f (x , yn)


yj �~ê§3x��§O�þª�z���È©.

∫ b
a f (x , yj )dx ≈ h

2

(
f (x0, yj ) + 2

m−1∑
i=1

f (xi , yj ) + f (xm, yj )

)

=⇒
∫ b

a

∫ d
c f (x , y)dxdy ≈ hk

n∑
j=0

m∑
i=0

ci,j f (xi , yj ), cij =


1
4 , �:;
1
2 , >:;
1, S:.

Ø��µE(f ) = − (d−c)(b−a)
12

(
h2 ∂2

∂x2 f (η, µ) + k2 ∂2

∂y2 f (η̄, µ̄)
)
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­­­ÈÈÈ©©©���EEEzzzSimpsonÈÈÈ©©©úúúªªª
Ón§3\gÈ©¥�æ^EzSimpsonÈ©.
ò[a, b]Ú[c, d ]�å©�µh = b−a

m , k = d−c
n (m, n�óê)§aq��µ

∫ b

a

∫ d

c
f (x , y)dydx ≈ hk

m∑
i=0

n∑
j=0

ωi,j f (xi , yj )

Ù¥ ωi,j = ui · vj§ ui , vjXeµ

{u0, u1, · · · , um} =

{
1
3
,

4
3
,

2
3
,

4
3
, · · · , 2

3
,

4
3
,

1
3

}
{v0, v1, · · · , vn} =

{
1
3
,

4
3
,

2
3
,

4
3
, · · · , 2

3
,

4
3
,

1
3

}

Ø��µE(f ) = − (d−c)(b−a)
180

(
h4 ∂4

∂x4 f (η, µ) + k4 ∂4

∂y4 f (η̄, µ̄)
)
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��Bå�§�!�È©!:�ê^n
Ø´n + 1§©OP
�x1, x2, · · · , xn.

·���§ém�È©!:���.ê�È©úª§����
���m − 1��ê°Ý,
~XµNewton-Cote’sÈ©úª¥�«m�êm�Ûê�§
Ùm + 1�!:�ê�È©úªkm��ê°Ý¶�«m�
êm�óê�§Ùm + 1�!:�ê�È©úªkm + 1��
ê°Ý"

é�½�È©!:�ê£'X§2�½3�¤,´Äk�p��
ê°Ý�ê�È©úªQº�ó�§n�È©!:�ê�È©
úª§�p���õ���ê°Ýº

�Yµ2n − 1�§GaussÈ©úª´£3�Ó�È©!:�ê
e¤�ê°Ý�p�ê�È©úª.
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~µ�[a, b] = [−1, 1]§�Äü:ê�È©úª

rÈ©!:�Xê����þ§�±�Ñ4��§

I(f ) =

∫
a

b

f (x)dx ≈ G2(f ) = α0f (x0) + α1f (x1)

µ
α0 · 1 + α1 · 1 =

∫ 1
−1 1dx = 2

α0 · x0 + α1 · x1 =
∫ 1
−1 xdx = 0

α0 · x2
0 + α1 · x2

1 =
∫ 1
−1 x2dx = 2

3

α0 · x3
0 + α1 · x3

1 =
∫ 1
−1 x3dx = 0

�)Ñµ

α0 = 1, α1 = 1, x0 = − 1√
3
, x1 =

1√
3

�ê�È©úª G2(f ) = f (− 1√
3

) + f ( 1√
3

) ≈
∫ 1
−1 f (x)dx �±��n��ê°

Ý. P38
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rÈ©!:�Xê����þ§�±�Ñ4��§

I(f ) =

∫
a

b

f (x)dx ≈ G2(f ) = α0f (x0) + α1f (x1)

µ
α0 · 1 + α1 · 1 =

∫ 1
−1 1dx = 2

α0 · x0 + α1 · x1 =
∫ 1
−1 xdx = 0

α0 · x2
0 + α1 · x2

1 =
∫ 1
−1 x2dx = 2

3

α0 · x3
0 + α1 · x3

1 =
∫ 1
−1 x3dx = 0

�)Ñµ
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−1 f (x)dx �±��n��ê°
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I(f ) =

∫ b

a
f (x)dx ≈ G2(f ) = α0f (x0) + α1f (x1)

rÈ©!:�Xê����þ§�±�Ñ4��§µ
α0 · 1 + α1 · 1 =

∫ 1
−1 1dx = 2

α0 · x0 + α1 · x1 =
∫ 1
−1 xdx = 0

α0 · x2
0 + α1 · x2

1 =
∫ 1
−1 x2dx = 2

3

α0 · x3
0 + α1 · x3

1 =
∫ 1
−1 x3dx = 0

�)Ñµ

α0 = 1, α1 = 1, x0 = − 1√
3
, x1 =

1√
3

�ê�È©úª G2(f ) = f (− 1√
3

) + f ( 1√
3

) ≈
∫ 1
−1 f (x)dx �±��n��ê°
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½ÂÈ©

I(f ) =

∫ b

a
W (x)f (x)dx ,

Ù¥,�¼êW (x) ∈ C[a, b],W (x) ≥ 0 (∀x ∈ [a, b]).

½n 1µ[a, b]þ��W (x)§äkn�È©!:�ê�È©úª§�ê°ÝØ¬
�L2n − 1�.

Pf: (�y{)�ê�È©úª In(f ) =
n∑

i=1
αi f (xi ), αi =

∫ b
a W (x)li (x)dx k2n�

�ê°Ý§Ké f ∈ P2n k

n∑
i=1

αi f (xi ) =

∫ b

a
W (x)f (x)dx

�f (x) = (x − x1)2(x − x2)2 · · · (x − xn)2 = ω2
n(x) ∈ P2n�\þª§�>= 0§

m>> 0§gñ.
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½ÂÈ©

I(f ) =

∫ b

a
W (x)f (x)dx ,
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�L2n − 1�.
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n∑

i=1
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∫ b
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�ê°Ý§Ké f ∈ P2n k

n∑
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∫ b

a
W (x)f (x)dx

�f (x) = (x − x1)2(x − x2)2 · · · (x − xn)2 = ω2
n(x) ∈ P2n�\þª§�>= 0§
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SSSÈÈÈ
3õ�ª¼ê�¤��5�mþ�½Â'u�¼êW (x)�SÈ�µ

(f , g) ,
∫ b

a
W (x)f (x)g(x)dx (5µ f (x)⊥g(x)⇔ (f , g) = 0)

|^Gram-Schmidt������zzzL§
p0(x) = f0(x)
...

pn(x) = fn(x)−
n−1∑
i=0

(fn(x),pi (x))
(pi (x),pi (x))

pi (x)

�dPn��|Ä {1, x , · · · , xn} (=Pn = span{1, x , · · · , xn}),¦�Ù��Ä

{p0(x), p1(x), · · · , pn(x)} , (i.e., pi (x)⊥pj (x)⇔ (pi , pj ) = 0,∀i 6= j)

Kk pn⊥Pn−1 ( Pn−1 = span{1, x , · · · , xn−1});
~Xµ�W (x) ≡ 1�, pn(x)Ù¢Ò´ ngLegendre(V4�)õ�ª.
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n−1∑
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(pi (x),pi (x))
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3õ�ª¼ê�¤��5�mþ�½Â'u�¼êW (x)�SÈ�µ

(f , g) ,
∫ b

a
W (x)f (x)g(x)dx (5µ f (x)⊥g(x)⇔ (f , g) = 0)

|^Gram-Schmidt������zzzL§
p0(x) = f0(x)
...

pn(x) = fn(x)−
n−1∑
i=0

(fn(x),pi (x))
(pi (x),pi (x))

pi (x)

�dPn��|Ä {1, x , · · · , xn} (=Pn = span{1, x , · · · , xn}),¦�Ù��Ä
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[a, b]=[-1,1]
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Gauss...ÈÈÈ©©©
½Âµ±õ�ª pn � n�": x1, · · · , xn �È©!:,
± αi =

∫ b
a W (x)li (x)dx (i = 1, . . . , n)�È©Xê�ê�È©úª

Gn(f ) =
n∑

i=1
αi f (xi )¡�GaussÈÈÈ©©©úúúªªª. ùp, li (x)´± pn � n�"

: x1, · · · , xn �!:�Lagrange��Ä¼ê"

½n 2µGaussÈ©Gn(f )äk2n − 1��ê°Ý.

Pf: ± pn� n�":�!:�E�� n − 1gLagrange��õ�ª§P�
Ln−1(x)§KGaussê�È©úª�Ø��
E(f ) = I(f )−Gn(f ) = I(f )− I(Ln−1(x)) + Gn(Ln−1(x))−Gn(f )

= I(f )− I(Ln−1(x)) =

∫ b

a
W (x)f [x1, · · · , xn, x ](x − x1) · · · (x − xn)dx

é?¿ f ∈ P2n−1§d f [x1, · · · , xn, x ]
∏n

i=1(x − xi ) ∈ P2n−1,

� f [x1, · · · , xn, x ] ∈ Pn−1.

õ�ª

∏n
i=1(x − xi )=� pn ���~ê�� pn ⊥ Pn−1§�k∏n

i=1(x − xi ) ⊥ Pn−1 =⇒ E(f ) = 0 =⇒ Gn(f )k 2n-1��ê°Ý.
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GaussÈÈÈ©©©���555������ØØØ���
1. Gaussúª Gn(f ) =

n∑
i=1
αi f (xi )¥È©Xê αi > 0�

n∑
i=1
αi =

∫ b
a W (x)dx .

Pf: αi =
∫ b

a W (x)li (x)dx = Gn(li ) = Gn(l2
i ) = I(l2

i ) =
∫ b

a W (x)l2
i (x)dx > 0

Pf: �Äf'u{x1, · · · , xn}��­��Hermite��H2n−1§ÙÈ©�

uI(H2n−1) = Gn(H2n−1) = Gn(f ). P49
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GaussÈÈÈ©©©���555������ØØØ���
3. f ∈ C2n[a, b]§K[a, b]þ��W (x)�GaussÈ©Ø��µ

I(f )−Gn(f )En(f ) =

=
f (2n)(ξ)

(2n)!

∫
a

b

W (x)ωn
2(x)dx , ξ ∈ [a, b]

Pf: �Äf'u{x1, · · · , xn}��­��Hermite��H2n−1§ÙÈ©�

uI(H2n−1) = Gn(H2n−1) = Gn(f )

Ù¥ωn(x) = (x − x1) · · · (x − xn).

. P49
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GaussÈÈÈ©©©���EEE���{{{

(1)¦Ñ«m[a, b]þ�¼ê�W (x)���õ�ªpn(x) ⊥ Pn−1.

P51
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GaussÈÈÈ©©©���EEE���{{{
~µ¦È©

∫ 1
−1 x2f (x)dx�2:Gaussúª.

)µ|^Gram-Schmidt��z§�g¦Ñ��õ�ªS�:{
p0(x) = 1§p1(x) = x − (x,p0(x))

(p0(x),p0(x))
p0(x) = x

p2(x) = x2 − (x2,p0(x))
(p0(x),p0(x))

p0(x)− (x2,p1(x))
(p1(x),p1(x))

p1(x) = x2 − 3
5

p2(x)�ü�":�x1 = −
√

3
5 , x2 =

√
3
5 È©Xê�

A1 =

∫ 1

−1
x2l1(x)dx =

∫ 1

−1
x2 x − x2

x1 − x2
dx =

1
3

A2 =

∫ 1

−1
x2l2(x)dx =

∫ 1

−1
x2 x − x1

x2 − x1
dx =

1
3

�ü:Gaussúª�
∫ 1
−1 x2f (x)dx ≈ G2(f ) = 1

3

(
f (−
√

3
5 ) + f (

√
3
5 )

)

其中，   为权函数
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Gauss-LegendreÈÈÈ©©©

«m[−1, 1]þ�W (x) = 1�Gauss.È©¡�Gauss-LegendreÈ
©§ÙÈ©!:�Legendre(V4�)õ�ªLn(x)�":¶Ù¥

Ln(x) =
1

2nn!
dn

dxn

[
(x2 − 1)n]

éu[a, b] 6= [−1, 1]§�±ÏLC���x = (a+b)+(b−a)t
2 òÈ©«

mC¤[−1, 1].∫ b

a
f (x)dx =

b − a
2

∫ 1

−1
f (

a + b
2

+
b − a

2
t)dt

Ï~§È©":�Xê¬�uL¥§±B��¦^.
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ÙÙÙ¦¦¦~~~���Gauss...ÈÈÈ©©©

«m[0,+∞)þ�¼êW (x) = e−x�Gauss.È©§¡
�Gauss-LaguerreÈ©. ÙÈ©!:� Laguerreõ�ª

Ln(x) = ex dn

dxn (e−x xn)

�":.

«m(−∞,+∞)þ�¼êW (x) = e−x2
�GaussÈ©§¡

�Gauss-HermiteÈ©. ÙÈ©!:� Hermiteõ�ª

Hn(x) = (−1)nex2 dn

dxn (e−x2
)

�":.
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