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Âñ5"

½½½nnnµ� ek = y(xk )− yk§Tk+1
.

= h2

2 y ′′(ξk ),PT = max
1≤k≤n+1

Tn+1,

L� f �Lipschitz~ê. Kµ

|en+1| 6 eL(b−a)
(
|e0|+

T
Lh

)
Ù¥,e0 = y(x0)− y0�ÐÐÐ©©©£££���©©©¤¤¤ØØØ���. �Ð©�°
((= e0 = 0)�,�h→ 0§K|en+1| → 0. 1�� eL(b−a) T

Lh =´

�cî.����NNN���äääØØØ��� (i.e., O(h))"

=µ�e0 = 0�§�cEulerúª´Âñ�.
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Remark

�â�©�§�E�©�§��a�{´Äuê��©. ê��©�� 
^��.ê��©Cq§�´Ï~§ØUïá既Âñ又­½�p阶�

©�ª§�Ï~Ø¬æ^ê��©��{5�E�©�ª.
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xn
f (x , y)dx∫ xn+1
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f (x , y)dx ≈ h
2
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f
(
xn, y(xn)

)
+ f
(
xn+1, y(xn+1)
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yn+1 = yn +
h
2
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f (xn, yn) + f (xn+1, yn+1)

]
��k^Ù§'�o÷�wªúªý�Ð©�§2^ÛªúªS

��g?1?�§¡�ýýý���-������LLL§§§.
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ȳn+1 = yn + hf (xn, yn)

yn+1 = yn +
h
2
[
f (xn, yn) + f (xn+1, ȳn+1)
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~µ)Ð�¯K


dy
dx

= y2

y(0) = 1.0
§ 0 ≤ x ≤ 0.4

)µh = 0.1; y0 = 1.0. ^e¡�S�úª§éz�:S�4g.y (0)
n+1 = yn + hy2

n

y (k+1)
n+1 = yn +

h
2

[
y2

n + y (k)
n+1

2]
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y ′ = f (x , y)⇐⇒ y(x)− y(x∗) =

∫ x

x∗
f (x , y(x))dx

3c¡·�^�
{ü�ê�È©úªïá
EulerÚF/úª�
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����Äuê�È©úª�E�©�§

5¦)~�©�§Ð�¯K��{.

� x = xn+1, x∗ = xn−p �µ

y(xn+1) = y(xn−p) +

∫ xn+1

xn−p
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(
x , y(x)

)
dx
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ÛÛÛÜÜÜ���äääØØØ���Tn+1 (í���)

Tn+1 ≡ y(xn+1)− yn+1 = −3
8

h4y (4)(xn+1) + O(h5)
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;�S�§�^c¡�nnnÚÚÚnnn���w«�ª5ý� yn+1§

��ýýý���-������úúúªªªµ
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3
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ȳn+1 = yn−1 +

h
3

[
7f (xn, yn)− 2f (xn−1, yn−1) + f (xn−2, yn−2)

]

yn+1 = yn−2 +
h
4

[
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b�)¼ê y(x)¿©1w,e¡·�5í�TnÚn�Ûª�ª�
ÛÛÛÜÜÜ���äääØØØ��� Tn+1 ≡ y(xn+1)− yn+1 999ÙÙÙ°°°ÝÝÝ���êêê.

Äk

òf (xn+1, yn+1)3 y(xn+1)?é y Cþ���TaylorÐÐÐmmm§�
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òc¡'u f (xn+1, yn+1), yn−2, f (xn−1, yn−1)�n��ª�å�\
�©�ª(*)§=

yn+1 = yn−2 +
h
4

[3f (xn+1, yn+1) + 9f (xn−1, yn−1)] (∗)

²²²OOO���§§§���nnn(ÜÜÜ¿¿¿ÓÓÓaaa���)���
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2! y ′′(xn+1)− (3h)3

3! y ′′′(xn+1) +
(3h)4

4! y (4)(xn+1) + O(h5)

+ 3
4 h(y ′(xn+1)− fy (xn+1, ξ)Tn+1)

+ 9
4 h
[
y ′(xn+1)−(2h)y ′′(xn+1) +

(2h)2

2! y ′′′(xn+1)− (2h)3

3! y (4)(xn+1) + O(h4)
]

=⇒
0 = Tn+1 + ( 27

8 − 3)h4y (4)(xn+1)− 3
4 fy (xn+1, ξ)hTn+1 + O(h5)
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⇔ 0 = Tn+1 + 3
8h4y (4)(xn+1)− 3

4 fy (xn+1, ξ)hTn+1 + O(h5)

⇔ 0 = (1− 3
4 fy (xn+1, ξ)h)Tn+1 + 3

8h4y (4)(xn+1) + O(h5)

⇔ Tn+1 = − 1
(1− 3

4 fy (xn+1,ξ)h)
3
8h4y (4)(xn+1) + O(h5) (0 < h� 1)

⇔ Tn+1 = −
{

1 + 3
4 fy (xn+1, ξ)h + O(h2)

}
3
8h4y (4)(xn+1) + O(h5)

⇔ Tn+1 = −3
8h4y (4)(xn+1) + O(h5)
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