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EEMREP, NBRENNMBEE A, EFE—NE)E )\ K—
Mn#EIEFEE v IFHE
Av = \v,

FR X A ARHFHEE, v ARTHIHE \ HFEEE. ER:
AHRAREHIEE <= NEEHFHEZ NN, — Al =0

B, —MERXZWA(FEEAB)NRRBZ HRENE, SR
THE AP RS FHIE 2 TR B E SOR T B AE R B0 E

tban, FERENRCEMEMRBTRAR, Rt SHIENE
M GEVEF12p(G)EYIMAXR, BIEKp(G) < 1; MK— B
EFEEEFETTEHHEE.
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BEENREEXFHEETERAHHRNERNY, MEEMIEFE.
# % (power method) i R — M & 42 H A KA PE IR AR | KHFIEE S8
NMEFHEREN A BRAFHEER LG, HEMERB/MFEER
AR WielandtE g A Fm £ HOR B K.

FEER AR n NMEMTXHEEE, ERERNRINRE.
tetn, sexiFriEMEs A AN EEMFHEENEREREA XM
B AR EFFEREMNT :

FHEE: (M| > X2 = > |\
#%?IE[‘EJ%: V‘] V2 e Vn
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w5

WARINN M TR FHEEZ A { v} . EB oMREEx©, &

X(O) =a1Vi +aoVo 4 -+ - + apVpy



= 3
WARINN &M TR HAFEEER{v, ). FI 0EREXD, &
xO = vy + agvo + - + apv,

BRREEFERBR xW = Ax-D



i
WARINN M TR FHEEZ A { v} . EB oMREEx©, &

X(O) =a1Vi +aoVo 4 -+ - + apVpy

BESRERER XKW = A1 = x() = Akx(0),
BIERFTI {xW}
xF = Ak(Oé1 Vi + o Vo +-"+anVn)
= Oé1AkV1 +0[2AKV2+--'+OtnAkVn
= ()41)\1kV1 + Oég/\ngQ + o+ an)\nkv,,



L
WARINN &M TR HAFEEER{v, ). FI 0EREXD, &
x© = oV + aoVo + - - - + apVp

BERERER x0 = Ax(-1) = x(0) = Akx(0),
BIERFTI {xW}
xF = Ak(Oé1 Vi +oaoVo + -+ 4+ a,,v,,)
= a1AkV1 + ongkVQ +- anAkv,,
= Oé1)\1kV1 + Oég)\ngQ + -+ an)\nkv,,

ORI T e E SFHEEN S HEX, BERBxXONEREEHE
MR R R ANFHEE SHHEEE.
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THERMLAML R R EEATER.
O HEBEANFEERBE—NEVRREER), (M| > X = > |l



TEIHE AR R ERER.
@ HEFRANBEERE—NEVRESZIR), M| > X = > || W:

“ ar)fvi + ap v + -+ anXivy

Ao\ ¥ An\ K
a1Vt + oz N Vot -+ an A Vn
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THEMIEAEHELR R B 2AYIER.
O ZERKHFHEERBA—NEVARER), (M| > A2 == |ha]. W

X9 = a vy Mo 4 - 4 andiv,
Ao\ K A\ K
= )\i( aVy + a2 (i) Vot -+ an (J) Vn:|
A A
AN
® o #0. EE:F’ <1(i > 2), iﬁﬁﬁa‘kﬂ’ﬂkﬁ‘()\') <1, ¥
1
X(k) ~ )\:(Cn Vi
k1) )\I1<+1a1 vi & Ax(®)
XK

B~ L (1< <n), HRAEEREEMS X
X



TEHE AL a E R R IF .
O ZERKHFHEERBA—NEVARER), (M| > A2 == |ha]. W

X9 = a vy Mo 4 - 4 andiv,
X2\ X An\ "
= )\i( aVy + a2 22 ot -tan () va
A A
AN
I’ a1 #0. EE:F’ <1(i > 2), iﬂﬁﬁv\kﬂ’ﬂkﬁ‘()\') <1, &
1
X(k) ~ )\:(Cn Vi
XD N g x®)
(k1)
N~ '(7,()(1 <i<n), WHNEFHEEERMNR XX

(k+1)

g o T R
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A= Xo| > [As] = |An], M1 =—X2>0.H

X(k) = )\ﬁ( aqVy + (—1)kCMQV2 + a3 <

At

A k



Q@ BESANIFHEERRY, BEAERH. &
|)\1| = |)\2‘ > |>\3| > |)\n|, )\1 = *)\2 > 0. EE

A )" A\
x) = )\ﬁ( |f)é1V1 +(—1)k0z2V2 + a3 <AT> V3 + -+ ap <AI17> Vn‘|

LARSARE: (DI £ 0 £ o)
X(k) ~ /\1k (041 Vi + 042(—1)kV2>

x5 XD L HE—NEHE T A7, BULE RS KIFEER

X(k+2) ~ /\?X(k) A = /X/'(k+2)/xl'(k)



BARERBR x = Ak

X (FIA xU2) = A2x 1)

= X(k+2) + )\1 X(k+1)

x(k2) _ ) (k)



— xkt2) oy (k)

— x(kt2) _ ) x(kD)

M, 5\, = -\ MNAHFERERHA

vy o~ xEED Ly x ()
vo ~ xUH) — x x)
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ZAERMRREATENAMSEAMERFR. BAREEER
mR:



FkiwaR

EEFIEAREEERNIER, TSEFXPEFEREMS X
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1 REME X, BiEEERFF xH) = Ax-1) = Akx(©),
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EEFIEAERZEERNER, ASETHEXPEIEAEMT X
ABRNRBATENRMREAMEXER. BEEEANT:

1 REWME x©, BEERFT x0 = AxUD = Akx(O),
2. EFFIRIA, BERIEESNDELETE—F%, W

Ay e xKHD /0
S x(k)

3. EFFIFRIA, FRFIEITDELLSHEERTER, U

k+1 k—1
A e /x xkD
Vi~ 1) )\1X(k)

vo &~ xEH) — )\ x(R)



FkiwaR

FAEFFIEERZESRNIER, USETAXPHEIEREMT X
FERAMERETENRMREBMEAFR. EXEANT:

1 REME X©), BiEEERF x0) = Ax—1) = Akx(©),
2. EFFIRIA, BEAIEESNDELETE—F%, W

{ A NX(k—H /X(k)

S x(k)
3. EFFIRMA, FRFIES N FELSFERTER, N
. /Xi(k+1)/xi(k—1)
vy~ x4 x (0
Vo ~ xEH) — )\ x(0)

4. EFFIRIMAEM, Bih; FXRAEMGE
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Bl: HEERA — < e 1

e,
i B x©=(1,0)7, #H8 x0 = Axk-1), RN

)m&&&tmﬁmﬁﬂEMﬁ&

el

K X1(k) Xék) X1(k)/X1(k71) Xék)/xékq)
0 1 0

1 0.25 0.2 0.25 -

2 | 0.10250 | 0.083333 0.41 0.41665
3 | 0.042292 | 0.034389 | 0.41260 0.41267
4 | 0.017451 | 0.014190 | 0.41263 0.41263
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Bl: HEERA — < e 1

e,
i B x©=(1,0)7, #H8 x0 = Axk-1), RN

)m&&&tmﬁmﬁﬂEMﬁ&

el

K X1(k) Xék) X1(k)/X1(k71) Xék)/xékq)
0 1 0

1 0.25 0.2 0.25 -

2 | 0.10250 | 0.083333 0.41 0.41665
3 | 0.042292 | 0.034389 | 0.41260 0.41267
4 | 0.017451 | 0.014190 | 0.41263 0.41263

HARHMANRE KFHMEER B —1, BRI\ ~ 0.41263, R4
fEEEHR vi ~ x* = (0.017451,0.014190)".
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AL BHITHEER? AREEAR®IRE[BUG)!
AwRET, MENFIAXERZIERKIFIEERE —, o #0)

A2\ " An\“
X(k):/\1k OZ1V1+062<2> V2+~~-+ocn(n> Vi
A A

TR, Bk oo, 0 { >

! o0, |/\1|>1
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O X0 £ 0
SRR XD — Ax(0 gy | X = Ayt
y(km =7 - \)|
XFF o0

BIE (O} T LSRR T AR B A FHIE(E RN R Y HHE
EE, MRATENATEL.



FIEY M ST

B RAER x) = Ax B { xk) = Ayt
) x|

BBy T R E A ROER ATFHIE(ERN AE R A HHE
EE, RATENATEL.



B RER XKD = AxK) R

BIE {0} T LIRS T AR B A FHIE(E AN R A HHE
EE, FRATENIAEL.

HIEREAAE

(k) _ Ay B Aly©
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% x© = y(o) =V +agVo+ -+ apVy (;f:!l)\i'LQOM #0), o) .

k A2 K A 8
A1 Oé1V1+042(>T1) V2+'--+Ozn(71"> Vn

- k A2 K A k
’)\1 ‘ Oé1V1+062<x) V2+"'—|-Oén(7:) Vn

y(k)

‘ oo



% x© = y(o) =V +agVo+ -+ apVy (;f:!l)\i'LQOM #0), o) .

Af <a1 Vi —i—Oéz(%)sz +~--+an(§1">kvn>
"l (el o))
D B> [ho| > - > |Ag| (BIARLR), W

k « V-
y 0 _>{ (=D e M <0

(k)

G A >0

e [lva

lloo?
oo

LS {yO ) BRRE T EE B BFSHEERORRE, JitH
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Ak+1y (0)

(k+1)  _— (k) —
X = Ay —
[ARy O

]

<a1 2 +042(72) Z —i-Otn )H

ATl

oo

=[],

’Mk‘ Jlagw|

oo



Ak+1)/(0)
|Ay @]l

k+1 k+1
A1k+1 <O[1 Vi + CYQ(%) Vo + -+ Oén<¥) >

XU = ayk) —

‘/\1’(’ : ‘ <041V1 +042(72) Vo + - —i-Oén )H
’Mk“’ ol
=[x~ ~ A
’)\1 ‘ Negwal

o {y!}usraged,



ATy
|Aky O]

K1 A\ k41 \ k+1
A Oz1V1+042<7f) V2+-~-+an<7:) Vi

XU = ayk) —

k
‘/\1’(’ . ‘ <041V1 +042(72) V2+~-+Oén(§j”) Vn) ‘
M el
= [~ s ~ i
> ’)\1 ‘ laavall

~ [

o [y }rsEd, MEN > 0, ﬂ{ .
o [yE9) [y} SRIMSEIE HR B MFA EIER,



ATy
| Aky ]|

k+1 2 ) 2"
A a1V1+042<f) V2+'”+a"<71n) v

JCSR) Ay(k)—

k
(o an() v ()')
M el
= )~ =
o0 ’)\1 ‘ ”a1v1Hoo

ka“ [

o {yWlugesat, MABN > 0, ﬂ{ vy~ ylk
o {y@0} {ye I HRIKKEIE AR SN R,

Ay A —|[xK+1)
B\ <0, H{ 3 %y(/U) I~



@ &E[M| = [Xe| > [Ag] = -+ = [An] A1 = =Xz (Bar # 0 # a2)



@ &M= [A2] > [Ag] = - > A, A = = X2 (War # 0 # az)

>

K
A <0é1 Vi +a2(—1)kV2 +"'+an(rf) Vn)

yo —
]

k A k
Vi + az(=1)va + - +Oén(71”> Vn

’ o0

My @K)| y@h=1) S BINEIRI =) 2 BX N EEZEEER S KA.



@ &M= [A2] > [Ag] = - > A, A = = X2 (War # 0 # az)

>

k
)\1k <0é1 V1 +a2(—1)kV2 +"'+an(x) Vn)

k A k
Vi + az(=1)va + - +Oén(71”> Vn

yo —
]

’ o0

My @K)| y@h=1) S BINEIRI =) 2 BX N EEZEEER S KA.

e [ XKD = Ay k-|-2
& { (k+2) — A§(k+1) X >\
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>

K
A <0é1 Vi +a2(—1)kV2 +"'+an(rf) Vn)

k A k
Vi + az(=1)va + - +Oén(71”> Vn

y(k) —

’ o0

-

My @K)| y@h=1) S BINEIRI =) 2 BX N EEZEEER S KA.

~(k+2 k
Xi( )/yi( )

x(k+2) o /\1;((k+1)
x(k+2) _ )\1;((k+1)
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e [ XD = Ay0) A
& k+2) — Axkt) T ) Vs
Vo
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IR ZFZIIFEHIE AR

1. BUEHME, HEFH{y®}.

2. ERFFIMEE, WA ~ x|, vy = 0,
3. HFFINEEF ﬁllﬁa\%ullﬂhﬁl:l:}i?ﬂ’lﬁﬁ/\ﬁg o
D vy g

4. EFHINFBFIIS WS, BERARETHFSHERNEE,
A1 ~ [~ (k+2)/y )? _ Ay

)n‘IJ Vi = j“((k+2 +)\ X(k+1) ’ sz:EP{ )?(k _AX (k+1)
Vo~ KUFD) ) 50D -

5 HttERERITEIE.



AT IR ZHZI T HIE

1. BHAME, STERFFIy®).
EFIMS, WA ~ [[xC) L v~ y®,

3. BFFINFEFETIS ST R SHE EE, W
A A =[x ]| vy ey,

FRIZHBETIN AN, BTUHTHSHERORE,

=
[(k+2) /(K
A~ x,(+)/y,'() (k1) — A
il S (k+2) S(k+1 Hoh X v
R vy = xk+2) xR )~((k :Axk+1

Vo Ao XKH2) _ )\, xlkeH1)

5. HiE /Rﬁ-a%ﬁ%fé E: E&EPE’J F = IRF

x5 y0) = x(O) _ x(1) = Ay0) (1) ﬁ
@
X(2) = Ay 1)—>y(2 W%



Bl 8.4 FTEREHIER A BEERRORTLENERAFLRE.

4 -1 1
A=116 -2 -2
16 -3 -1

k+2

Ay~ )y
vy~ )~((k+2) T A&+

Vo A XUH2) ) Uk



% 8.4

k m(lk) I;k) ﬂcglc) ygk) ygk) yék)
0 0.5 0.5 1 0.5 0.5 1
1 2.5 5 5.5 0.454545 0.909091 1
2 1.909089 3.454538 3.553628 0.537222 0.972116 1
3 2.176772 4.65132 4.679104 0.465201 0.994091 1
4 2.176772 3.455134 3.461124 0.539392 0.998269 1
5 2.159299 4.633734 4.635485 0.465721 0.999627 1
6 1.862661 3.452282 3.452655 0.539487 0.999892 1
7 2.158056 4.632000 4.632116 0.465890 0.999975 1
8 1.863585 3.454290 3.454315 0.534950 0.999993 1
9 2.157985 4.631926 4.631926 0.465893 0.999999 1
10 1.863573 3.454290 3.454291 0.539495 1 1
11 2.157980 4.631920 4.631920 0.465893 1 1
12 1.863572 3.454288 3.454288

13 7.454288 16 16




% 8.4

k 2y zg” zg” ui” us” vs”
0 0.5 0.5 1 0.5 0.5 1
1 2.5 5 5.5 0.454545 0.909091 1
2 1.909089 3.454538 3.553628 0.537222 0.972116 1
3 2.176772 4.65132 4.679104 0.465201 0.994091 1
4 2.176772 3.455134 3.461124 0.539392 0.998269 1
5 2.159299 4.633734 4.635485 0.465721 0.999627 1
6 1.862661 3.452282 3.452655 0.539487 0.999892 1
7 2.158056 4.632000 4.632116 0.465890 0.999975 1
8 1.863585 3.454290 3.454315 0.534950 0.999993 1
9 2.157985 4.631926 4.631926 0.465893 0.999999 1
10 1.863573 3.454290 3.454291 0.539495 1 1
11 2.157980 4.631920 4.631920 0.465893 il 1
12 1.863572 3.454288 3.454288

13 7.454288 16 16

A1 =/ a5V /S =4, A =-—4

vy = X 4 X\ X2 = (14.908576,29.817152,29.817152)
vy = X _ X\, X2 = (0,2.182848, 2.182848)



Remark

1. TAHRIEHNRE.
2. WEHUHMBETTEEBERAFHERT AER.

3. BUARWSURBE B |2 RE, HLES/MESHER;
T A— pl, BIFRBYHEER {\ — p}],, HEZWHIREHEHE,
AIAZRITE A — pl, BEHEE. (B RIRAP174M R S #%)

4. H\| = [X2| > [Ag] > -+ > |Aa| By, \o3EERAT, BATK
A1, X FENRGFEEE.

Eaﬁﬁ BEZXTREAFHEHENER, RELXEMN, A
O R ERHIE T HRRER, BRRERY, FHITAE.



Shifted Power Method

[BARBE]

G B = A - pl WAEE 5K A MAFEERAM A0 X 15 )\ — p. SALVHSPARRE
A—pl WAFIER BRI A WAFIERL A 0 B A LR

EREN p #E

Ag — P[ Aa
Al—p At
MIXHAERE B MRE, WS HAERE A FREER. HAEMNERESFEER S mE D
KRBT, A REABOER p.




-4 14 0

B85 WA=| -5 13 0 |, A WIFEMEN 6, 3 A1 2, I E p
-1 0 2
-65 14 0
N25 M B=| -5 105 0 |, B H4EMEN 3.5, 0.5 F1 —0.5, MEH)
-1 0 -05

farEN X© = (1,1,1)7, AHNEHREZHAEE 8.5.



T R U N R i
0 1 1 1 1 1 1
1 10. 8. 1. 1 0.8 0.1
2

7.2 5.4 -0.8 1 0.75 -0.11111111

0.71428758 -0.24999346
0.71428665 -0.24999673
0.71428618 -0.24999836

—_

16 6.00005232  4.28576287 -1.49997383
17 6.00002616 4.28573858 -1.49998692
18 6.00001308 4.28572643 -1.49999346

— =




R T S L L P
0 1 1 1 1 1 1
1 10. 8. 1. 1 0.8 0.1
2

7.2 5.4 -0.8 1 0.75 -0.11111111

16 6.00005232 4.28576287 -1.49997383 1 0.71428758 -0.24999346
17 6.00002616 4.28573858 -1.49998692 1 0.71428665 -0.24999673
18 6.00001308 4.28572643 -1.49999346 1 0.71428618 -0.24999836

P RIALRS 5 B RVE R B ST 25 R vk 8.6.

#* 1: 8.6
B ol ER S R & o
0 1 1 1 1 1 1
1 7.5 5.5 —1.5 1 0.73333333 —0.2
2

3.76666667 2.7 —-0.9 1 0.71681416  —0.23893805

5 3.50071416 2.50053562 —0.87511159 1 0.714293 —0.24998087
6 3.500102 2.5000765  —0.87500956 1 0.71428676  —0.24999545
7 3.50001457 2.50001093 —0.87500228 1 0.71428586  —0.24999961
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Theorem (on Eigenvalues of Matrix Inverse)

If X is an eigenvalue of A and if A is
nonsingular, then A= is an eigenvalue of
A1




Theorem (on Eigenvalues of Matrix Inverse)

If X is an eigenvalue of A and if A is
nonsingular, then \~' is an eigenvalue of
A1

Proof.
Let Ax = Ax with x £ 0. Then

x=AT10x)=) A"Tx

| \




Theorem (on Eigenvalues of Matrix Inverse)

If X is an eigenvalue of A and if A is
nonsingular, then \~' is an eigenvalue of
A1

Proof.
Let Ax = Ax with x £ 0. Then

x=ATx) =) Tx—= Alx=)x

| \

D/
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Rig: HEANER S/ NHEESHENRSERE.

HAV = \v = A~ 'v = 1vil, AFA 'RYHEEEARE. TR
A U ERBERHEE R KIS EE,, ﬂ'J%EH%AE’\H‘EﬂEE/J“ﬁﬁEE.
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HAV = \v = A~ 'v = 1vil, AFA 'RYHEEEARE. TR
A U ERBERHEE R KIS EE,, ﬂ'J%EH%AE@$§ﬂEE/J\fF§?IE1E.
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HAV = \v = A~ 'v = 1vil, AFA 'RYHEEEARE. TR
A U ERBERHEE R KIS EE,, ﬂ'J%EH%AE@$§ﬂEE/J\fF§?IE1E.

AU RBRERBRA:

ABERIEEE, FHARTEN LU 2B(RFIE—X)H

AxKD = [Ux®D = ) = gy x(k)
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Shifted (Inverse) Power Method

e Shifted Power Method

For a given value i € C, we can find/compute the
eigenvalue, say )\, farthest from ;, by applying
the power method to A — 1./. Here, we suppose
that 9e > 0 s.t. |\x — u| > € for some eigenvalue
Ak of A, and for all other eigenvalues \; of A, we
have 0 < |\; — i| < e. Note that the power
method when applied to A — 1/ finds its
eigenvalue z = \x — u. So, \y = z + L.




Shifted (Inverse) Power Method

e Shifted Power Method

For a given value i € C, we can find/compute the
eigenvalue, say )\, farthest from ;, by applying
the power method to A — 1./. Here, we suppose
that 9e > 0 s.t. |\x — u| > € for some eigenvalue
Ak of A, and for all other eigenvalues \; of A, we
have 0 < |\; — i| < e. Note that the power
method when applied to A — 1/ finds its
eigenvalue z = \x — u. So, \y = z + L.

¢ Shifted Inverse Power Method
Similarly, we can find the eigenvalue of A closest
to a given value ;. by applying the inverse
power method to A — /.




A Summary for Power Method

Method Equation Find
Power XKD = Ax(k) largest eigenvalue | A1
Inverse Power AxEHD) = x(K) smallest eigenvalue | An|

Shifted Power

xED = (A — ph)x®

eigenvalue farthest from p

Shifted Inverse Power

(A — pl)x+D = x(®)

eigenvalue closest from 1




Sas3 FRIEEeYJacobim s
[B]RE : Sk SEXTHREEPE AR BT B 4EE(E.



s FREIE Y Jacobim s
B1E: K ST A FRAE M ARY B 4T,
REMARE: BIEMASIR, NWEEERKQ, 15
M
Q7AQ = re
An

A%k LN TR HANFIBYFEE (QAEXK— Q" =Q ") .



S 3- FRIEFEYJacobim s

B)RE: SKSEXFAREERE ARY BT B HHIEE.
MBI BHEEASINR, NEEERMEQ, &5

A1

Q’AQ = Ao

An

A%k LN TR HANFIBYFEE (QAEXK— Q" =Q ") .
BEEHKQTKXAES. Jacobifm ABI#IE—&RFIGivensIER

B Qy, ..., QT A fEIER R, ERIENBITLLEZRRLE N, HE
5N, ATUGE A A5t F STt 2 AR P B HHIE(E.



PHiE p < g, MGivensiER: Q(p, q,0) BBWTER: (HHEL
_— M IEZFER)

p q
{ l
1
1
cosf --- sinf
—sinf) --- cosf
1

Bl Qpg =sin6,Qgp = —sinf,Qpp = Qqgq = cos b









B A=(a), B=Q'(p.q.0) AQ(p,q,0) = (by). M:

bip = bpi = apicos — agisinb,i # p,q
Bpp = 8ppC0s20 + agqsin0 — apg sin 20
bqq - appSIn29 + aqu0529 + apq Sin 20
bpg = bgp = apq cos 20 + %2524 sin 20



B A=(a), B=Q'(p.q.0) AQ(p,q,0) = (by). M:

bip = bpi = apicos — agisinb,i # p,q
Bpp = 8ppC0s20 + agqsin0 — apg sin 20
bqq - appSIn29 + aqu0529 + apq Sin 20
bpg = bgp = apq cos 20 + %2524 sin 20

IREN 0 HE -

bpg = bgp = @pg cos 26 + G0 — 899 o — 0, Blcot 20 = 899 — 3w & ¢
2 280



B A=(a), B=Q'(p.q.0) AQ(p,q,0) = (by). M:

bip = bpi = apicos — agisinb,i # p,q
Bpp = 8ppC0s20 + agqsin0 — apg sin 20
bqq - appSIn29 + aqu0529 + apq Sin 20
bpg = bgp = apq cos 20 + %2524 sin 20

IREN 0 HE -

bpg = bgp = @pg cos 26 + G0 — 899 o — 0, Blcot 20 = 899 — 3w & ¢
2 280

L t=tan 0 FWM=ZAEFHER) £ +2s 1 -1 = 0 KBIRERNR



B A=(a), B=Q'(p.q.0) AQ(p,q,0) = (by). M:

bip = bpi = apicos — agisinb,i # p,q
Bpp = 8ppC0s20 + agqsin0 — apg sin 20
bqq - appSIn29 + aqu0529 + apq Sin 20
bpg = bgp = apq cos 20 + %2524 sin 20

EEY 0 HE -
bpg = bgp = @pq cos 20 + Bop — 849 iy 09 — 0, Hlcot 20 = %9 — % o o
2 2ap
S t=tan FHW=A |‘E%FF7‘5*E( ) 24+ 2s-t—1=0BHREENMR (B
o, ts=-s+vs2+1, H5lh, Fs=0,Bt=1),



B A=(a), B=Q'(p.q.0) AQ(p,q,0) = (by). M:

bip = bpi = apicos — agisinb,i # p,q
Bpp = 8ppC0s20 + agqsin0 — apg sin 20
bqq - appSIn29 + aqu0529 + apq Sin 20
bpg = bgp = apq cos 20 + %2524 sin 20

EER 0 HE
bpg = bgp = apq cos 20 + Bop — 849 iy 09 — 0, Blcot 20 = 809 — 3w 2 g
2 2ap
S t=tan HH=FA |‘E'—’;§7‘ﬂ§( ) P25 t—1 =0 BIRIRBNR (5
M, ts=-s+Vs2+1, $53h, FHs=0,8Bt=1), A#E

. b
sinf = —-2

V142

cosfh = —
{ Vit AR Givens#Ef#Q, HHbpyg = bgp = 0;



R, { Oo0 =0 o9 ja, (A) = 2. 0a(A) = 3 &, WA
i#] i=1

bag = agq + tapq-
WE: (B, F4kR, 18071)
01(B) = 3 bf = 01(A) - 2a3,

/75/
o2(B) = ; b2 = 02(A) + Zagq



e { bop = app — tapq igoq(A) = Zaizj’ o2(A) = zn: &, Mwy
i i=1

bqq - aqq + tapq.
iE: (B, %4k, 18071)

(B)—Zb =o01(A) — Zaf,q
175/

o2(B) = ; b2 = 02(A) + 2af,q

: BATE B= QTAQ, HHEEATE, BxXATAALE—RS



bop = ap — ta n
e o TR P Ro(A) =Y ag, 0p(A) =Y ag,
lig —J., { bqq = 8gq + tapq- 1&0’1( ) % ai, 0'2( ) ; a;, U G

wE: (B, %4k, 18071)
a1(B) =>. bg = o1(A) — Zagq

i#]

n
02(B) = Y b = 02(A) + 245,

Pt

F: BAAZE| B= QTAQ, YFEEFE, BXATHGLEE—RS
BAO = (a5), AW 3t Al #T—RINATHI Givens TR /5 A 1546
R M :



bop = ap — ta n
e TR P Roq(A) =Y ag, 02(A) =Y ag,
lig —J., { bqq = 8gq + tapq- 1&0’1( ) %ai, 0'2( ) ; a;, U G

iE: (B, %4k, 18051)

a1(B) =>. b,-zj = o1(A) — Zagq
i#]

o2(B) = ébf; = 02(A) + Zaf,q

F: BAZE| B= QTAQ, YFEEFE, BXATHGLLE—RS
BAO = (a5), AW 3t Al #T—RINATHI Givens TR /5 A 1556
R M :

EH: FALHER, MAK WETF diag{\;,- -, An}.



bop = ap — ta n
e TR P Boi(A) =Y &g, op(A) =Y &, W
lig T, { bqq = 8gq + tapq- 1&0’1( ) %ai, 0'2( ) ; a;, U G

wE: (B, %4k, 18071)
a1(B) =>. b,-zj = o1(A) — Zaf,q
i#]
n
02(B) = Y b2 = g2(A) + Zagq
=1

i: HAZTERE B= QTAQ, 4HEEAT, EXATMALEE—RKS
WK (ap, = OFf, LLERTE) |

BAO = (g;), AR H3FAK D HHT— R ANETEIGivens T 5 1548
=l

EIR: HASIHR, MAK BegF diag{\s, -, A\n}

E: ATIEAVIKRSISER, —BER p, g (p # q) EBXRAE
MTRNERK.



4 2 2
f5: FJacobifz it EXTFREA = ( 2 5 1 )E’\Jéﬁ‘ﬂﬁﬁﬁﬁ.
2 1 6



4 2 2
f5: FJacobifFEit BT FRMEA = ( 2 5 1 )E’\Jéﬁ‘ﬂﬁﬁﬁﬁ.
2 1 6

R: T A0 = A, EBp=1.q=2 a% =49 =2,



4 2 2
f5: FJacobifFEit BT FRMEA = ( 2 5 1 )E’\Jéﬁ‘ﬂﬁﬁﬁﬁ.
2 1 6

B IBAQ = A, EBp=1q9g=2 a9 =2aY) =2 FEEH
©0) _ 40 .
Lo = 0.25, tERA 2+ 2st — 1 = OGIRIEEIMR,

s = 22
#t = 0.780776. HmEE:

cosf = (1+ t?)"% = 0.788206, sin f = t cos § = 0.615412

BN A GivensZ B[ R EE T .



cosf sinf O 0.788206 0.615412 0

Q =Q(p,q,0)=| —sin® cos6 0 | =| —0.615412 0.788206 O
0 0o 1 0 0 1
A
2.438448 0 0.961
AY = QlAQq, = 0 6.561552 2.01903

0.961 2.01903 6



cosf sinf O 0.788206 0.615412 0
Q: =Q(p,q,9) = —sinf cosf O = —0.615412 0.788206 O

0 0o 1 0 0 1
A
2.438448 0 0.961
AV =QlAQq, = 0 6.561552 2.01903
0.961 2.01903 6

BB p=2,9=3, ay = ay =2.01903, LTS

0.631026 8.320386 0

2.438448 0.631026 0.724794
A® —
0.724794 0 4.241166



0.595192 8.320386 0.209614
0 0.209614 4.496424

2.125995 0 —0.020048
A4 —

2.183185 0.595192 0
ABG) —

0 8.377576 0.208653
—0.020048 0.208653 4.496424

2.125995 —0.001073 —0.020019
A®) — [ —0.001073 8.388761 0
~0.020019 0 4.485239



A®) — 0 8.388761 0.000009

2.125825 0 —0.001072
—0.001072 0.000009 4.485401

2.125825 0 0
A7) — 0 8.388761 0.000009
0 0.000009 4.485401



A®) — 0 8.388761 0.000009

2.125825 0 —0.001072
—0.001072 0.000009 4.485401

2.125825 0 0
A7) — 0 8.388761 0.000009
0 0.000009 4.485401

M ARYHFAE{E TR 79
A~ 2.125825, )\, ~ 8.388761, \3 ~ 4.485401



QR /
ITERMER 2 T ERS TR NG
AR ARBMASERP - APHAFEERR
EANER =Rl BEXER A RASILET,

W Al L = st

EX=AUNEEFE: Householder T#t, Givens T,
UK Gram-Schmidt EX 1T 78,



QR 3=7& A

Theorem (QRH fREIE)
FEAANME M, NEEEXEQME=RAMRES A= QR.




QR 3=7& A

Theorem (QRH fREIE)

HARNME B, NEEEXMEQMLE=AMRERS A= QR.

I EEHHQ, RHYIBMEME A KRY. BN EQRSE EFQRT
ER RIS SEHEEN B E, A ANTRERERZE DT
5Jacobi 5.




QR 3=7& A

Theorem (QRH fREIE)

HARNME B, NEEEXMEQMLE=AMRERS A= QR.

A BEFHQ, RABMEMEEKRY. B EQRSE ERQRA
FERRIEMETFHEENBNAZE, ?’"A AT FRIERE R ZE AT
SJacobi AN, EARBRA: A £ A
EAIIQRAE Al = Qi - R, A= Ry - O
— 1EAMIQRDE A= Q- Ro. A= Ry Qo
— 1EABIQR7HE A3 = Q3 - Rs. A4 £ Rs- Qs
SN




QR 3=7& A

Theorem (QRH fREIE)

HARANME B, NEEEXMQMLE=AMRERS A= QR.

F: BEFHQ, RABMEMEEKRY. B EQRSE EFQRA
FERRIERETFHEENBNSZE, ?’"A AT FRIERIE R ZE AT
SJacobi AN, EARBRA: A £ A
EAIIQRAE Al = Qi - R, A= Ry - O
— 1EAMQRDR A= Q- Ro. A= Ry Qo
— 1EABIQR7HE A3 = Q3 - Rs. A4 £ Rs- Qs

FLL i3 IR A& R RERE Fr ﬁlJ{Ak}éﬁK(IEKZ)JI‘EM HEAHBE—ZE
FUET, AcWSEl E=fE




T 18 A= (05)nn € RV BRUTRANEH:
o AWFHEE N (j =1, ,n) HRERIEE;

o FIEMHIEMP, (§58A =P 'DP, D =diag(\,---, \y);
BPME LU 7%, WA QR BEFEHERFS
{Ap}rS | W T3 F %R D.



sEFeY QR 22 (
E: EMENQRMRE LR LISH
Q'A=R



sEFeY QR 2% (
¥ SEMERQRAMREESIFR EBE
Q"A=R < A= QR.



sE a9 QR= 2% ( )
S JEMERIQRAFRESASLPR LB R
Q"A=R < A= QR.

Let x, y € R” s.t. ||x]||2 = ||y||2- Then there
exists an orthogonal matrix (IE3Z%EB%) U of

the form /| — 2w’ s.t. Ux = y, where v = "




sErEaY QR 22 ( )
¥ SEMERQRAMREESIFR EBE
Q"A=R < A= QR.

Let x, y € R” s.t. ||x]||2 = ||y||2- Then there
exists an orthogonal matrix (IE3Z%EB%) U of

the form /| — 2w’ s.t. Ux = y, where v = "

e Remark: an orthogonal matrix U of the form

| — 2w is called a Householder matrix. It's
easy to see that U = U" and detu = —1.
Ux = y is a Householder transformation

(% %) or mirror mapping (% 1% B 57)






Householder % #
Householder % #: 4.4k % #15 R 4 %
Def 841 #“@gweR, Lljuwl’=wTw=1, WhHw)=I-2wu" A

Householder#e 1%, S R AH4E .



Householder % #
Householder % #2445 % #15 R 4 T 4
Def. 841 #mEweR, Al =v"w=1, Wi Hw)=I-2wu" A

Householder %, #An% R4t 4

PR
e H(w)= H(—w)

o ARt HY =H
o EXM: H'TH=1= H>=1
e det(H)=—-1

o HIR AN TR ey 4 a1 AP +12&n — 1 EH A, 1R L EHE
18, w3 ay4FiEG =



TR WEEME » £0 € R, eAMEERERNRPE,
N7 1E Householder 6f% H 1§ Hx = £|z|se.



IR EERE 2 £ 0 c R, cAEEnHER @S,
M#F7E Householder /& H {£15 Hux = £|z|ze.
sl __a—|=fze 2 _ T, _

WERA: B w ellzleels = w5 = w'w =1,

& H(w) =1 - 2ww’, MH



T REERE 2 £ 0 R, eHEEnMER [T,
M%7 Householder %% H 18 Hx = £|zqe.
ERR: ww:W§M@bjmw}ﬂﬁw:L

& H(w)=1-2uww!, NH

N .
Ho=a =200, ® ~ zlle)e

|z = [lzoell3 = (x = |lz]l2e)" (z = || ] 2¢)
=z =2z’ w + 2] = 2z - zlloe”)a
= Hr = |z|q¢;




Re=¢, a=|zlly, (REFRATFATRIENRE,
FFMa = sign(z;)||z]l,) ; M-

i CH(w) =1 -2ww” = Hr = ae;

w =
[z = aeil

TRe=¢ (i=1,,n), THHEBZARAZ I M ERAOKEZ,



Be=¢;, a=|zll, (BREFRATFATRIENEE,
FFRa = sign(z;)||z|l,) ; M-

i H(w) =1 -2ww" =: Hr = ae;

w= :
2 = aeills

FRe=¢(i=1,,n), TRERARFF i MELA0HREL,
UTEL: Be=(10,- 0%, Za=all, WA:

Hr=ae=0(1,0,--.0)"

8 HouscholdersZ HH 1 &I 0m T 1 WS A5 E &M AR — w2
= Houscholder & # AR A5 AT # (BB TH)



A 8.1 fiw, Householder ML E o B AR BEAN B 71— M &
Jt, Householder 774 XA AR N5 (LS.

€ [|2].e

B8l Bifgmist



EQRIHRIE—, let
Vi = (A1 — 51 6(1))/HA1 — 51 6(1)H2 where

A= (A, A, ... A), e =(1.0-...0)7,
B1 = [|A1]2



HEQRITRE—L, let
vi = (A1 — 1) /]| A — BreV]|;

A= (A1,A2,...,An), ell) — (1’07

Br= Az = ||Aillz = [|B1eM]|2,



HEQRIREINE—, let
Vi = (A1 — 61 6(1))/HA1 — 61 6(1)H2 where

A= (A, A, ... A), e =(1.0-...0)7,

Br= Az = [Arlla =810,
By the previous Theorem, (Householder 3£ #k)



HEQRIREINE—, let
Vi = (A1 — 61 6(1))/HA1 — 61 6(1)H2 where

A= (A, A, ... A), e =(1.0-...0)7,

Br= Az = [Arlla =810,
By the previous Theorem, (Householder 3£ #k)

Denote

51 *
UsA =
0 Bin-1yx(n-1) /) pxn



and B(,_1)x(n-1) = (B1, Bz, ..., Bn_1).



and B(,_1)x(n-1) = (B1, Bz, ..., Bn_1).
Next, construct another orthogonal matrix U> s.i.

UsUs Ay = 1), Uy Ui Az = (%, 82,0, ,0)7



and B(_1)x(n-1) = (B1, Bz, ..., Bp_1).
Next, construct another orthogonal matrix U> s.i.

UoUs Ay = B U Ui Az = (%, (2,0, ,0)7

1 0
Uz = ( . ) ., where
0 /(n—1)><(n—1) - 2V2V2 .

v2 R |Vll2 = (Br — 528™M) /(1B — 52872,
and 52 = HB1H2’ é(1) = (1707. .. ’O)T c Rn7‘|.



In general, the orthogonal matrix Q is build up
step-by-step as

QT — Un—1 Un—2 to U1

where

lk—1)x (k—1) 0
Y= 0 / — 2w’
(n—k+1)x(n—k-+1) vv nxn

withv e R" 1 (k=1,....n—1), ||v]2=1.



In general, the orthogonal matrix Q is build up
step-by-step as

QT — Un—1 Un—2 to U1

where

lk—1)x (k—1) 0
Y= 0 / — 2w’
(n—k+1)x(n—k-+1) vv nxn

with v e R" A1 (k=1,....n—1), ||v]2=1.
Finally, we have

Q"A= Uy 1Upz- - UtA= Rpsp



In general, the orthogonal matrix Q is build up
step-by-step as

QT — Un—1 Un—2 to U1

where

lk—1)x (k—1) 0
Y= 0 / — 2w’
(n—k+1)x(n—k-+1) vv nxn

with v e R" A1 (k=1,....n—1), ||v]2=1.
Finally, we have

QTA = Un_1 Un_2 cee U‘]A — Rnxn <~ A - QR

where



R

0 62 % %k
Rnxn: : : - : :
0 0 -+ Bp

\0 0 - 0 «/




Example

Use the Householder transformation to find
the QR-factorization of the matrix

12 51 4
A=| 6 167 —68
4 24 41




Solution. Let
X = A1 = (12,6, —4)T, 61 = HA1H2 = 14,
y =p1e = (14 0,0)", and

Xy __ T _ 1 T
V=gl = (- 2,6,—4)T — = 1(-1,3,-2)T.

So

. < 6/7 3/7 —2/7)
U =1-2w' = 3/7 -2/7 6/7
—2/7 6/7 3)7

14 21 —14
UA=| 0 —49 —14
0 168 77



Similarly, one can construct the 2nd
orthogonal matrix

1 0 0
U= 0 —7/25 24/25
0 24/25 7/25

and get



Similarly, one can construct the 2nd
orthogonal matrix

1 0 0
U= 0 —7/25 24/25
0 24/25 7/25

and get

14 21 —14
U, UiA = 0 175 -70
0 0 -35



Similarly, one can construct the 2nd
orthogonal matrix

1 0 0
U= 0 —7/25 24/25
0 24/25 7/25

and get

14 21 —14
U2U1A = 0 -175 -70 = R&
0 0 -35

Q"A=R<A=QR



o Householder’s QR-Factorization

One of the most useful orthogonal

factorizations is called QR-Factorization.
The objective is to factor an m x n matrix A

into a product
Am><n = memRmxn

where Q is a unitary matrix and R is an
m x n upper triangular matrix. The
factorization algorithm actually produces

Q*Amxn - Rmxn







